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Abstract

We show a determinant identity which generalizes both the Chio pivotal
condensation theorem and the Matrix-Tree theorem.

1. Introduction

The Chio pivotal condensation theorem (Theorem below, or [Eves68, Theo-
rem 3.6.1]) is a simple particular case of the Dodgson-Muir determinantal iden-
tity ([BerBru08| (4)]), which can be used to reduce the computation of an n x n-
determinant to that of an (n — 1) x (n — 1)-determinant (provided that an entry of
the matrix can be divided byEI). On the other hand, the Matrix-Tree theorem (The-
orem or [Zeilbe85, Section 4], or [Verstrl2, Theorem 1]) expresses the number
of spanning trees of a graph as a determinantﬁ In this note, we show that these
two results have a common generalization (Theorem 2.13). As we have tried to
keep the note self-contained, using only the well-known fundamental properties of
determinants, it also provides new proofs for both results.

1.1. Acknowledgments

We thank the PRIMES project at MIT, during whose 2015 iteration this paper was
created, and in particular George Lusztig for sponsoring the first author’s mentor-
ship in this project.

!We work with matrices over arbitrary commutative rings, so this is not a moot point. Of course,
if the ring is a field, then this just means that the matrix has a nonzero entry.

2And not just the number; rather, a “weighted number” from which the spanning trees can be
read off if the weights are chosen generically enough.
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2. The theorems

We shall use the (rather standard) notations defined in [Grinbel5]. In particular,
IN means the set {0,1,2,...}. For any n € IN, we let S, denote the group of
permutations of the set {1,2,...,n}. The n x m-matrix whose (i, j)-th entry is a; ;
for each (i,) € {1,2,...,n} x {1,2,...,m} will be denoted by (a;;),_;_, I<j<m

Let K be a commutative ring. We shall regard K as fixed throughout this note
(so we won't always write “Let KK be a commutative ring” in our propositions); the
notion “matrix” will always mean “matrix with entries in K”.

2.1. Chio Pivotal Condensation

We begin with a statement of the Chio Pivotal Condensation theorem (see, e.g.,
[KarZhal6, Theorem 0.1] and the reference therein):

Theorem 2.1. Let n > 2 be an integer. Let A = (ai/f)1<i<n 1<j<n € K" be a

matrix. Then,

. . ..
det ((ai,jan,n — ai/”a”r])lgignfl, 13.971) = ay,~ - det <(a1/])1§i§n, 1§j§n> )

a a/ 1/

Example 22. If n =3and A= | b V' b’ |, then Theorem [2.1{says that

1

/
a a a
1! 124 ! 1! 17/
ac” —a'’c a'd" —a’c 1\3—2 P
det = (¢ -det| b bV b
b —b'c b — b ( ) C
c ¢ ¢

Theorem [2.1{ (originally due to Félix Chio in 185 is nowadays usually regarded
either as a particular case of the Dodgson-Muir determinantal identity ([BerBru08,
(4)]), or as a relatively easy exercise on row operations and the method of universal
identitiesﬂ We, however, shall generalize it in a different direction.

3See [Heinig11), footnote 2] and [Abeles14), §2] for some historical background.
4In more detail:

e In order to derive Theorem [2.1] from [BerBru08, (4)], it suffices to set k = n — 1 and recognize

the right hand side of [BerBru08, (4)] as det ((a,'/jan,n —Binln) ycicn 1 1<].<n_1).

o A proof of Theorem using row operations can be found in [Eves68| Theorem 3.6.1], up to
a few minor issues: First of all, [Eves68, Theorem 3.6.1] proves not exactly Theorem but
the analogous identity

o _qg ) — g"2. .
det ((al+1,j+la1,l al+1'lal']+l)1§i§nfl, 1§j§7’l*1) - al/] det ((al,])lgign, 1§]§n) .
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2.2. Generalization, step 1

Our generalization will proceed in two steps. In the first step, we shall replace
some of the n’s on the left hand side by f (i)’s (see Theorem [2.9 below). We first
define some notations:

Definition 2.3. Let 1 be a positive integer. Let f : {1,2,...,n} = {1,2,...,n} be
any map such that f (n) = n.

We say that the map f is n-potent if for every i € {1,2,...,n}, there exists
some k € IN such that f¥ (i) = n. (In less formal terms, f is n-potent if and only
if every element of {1,2,...,n} eventually arrives at n when being subjected to
repeated application of f.)

(Note that, by definition, any n-potent map f : {1,2,...,n} — {1,2,...,n} must
satisfy f (n) = n.)

Example 2.4. For this example, let n = 3. The map {1,2,3} — {1,2,3} sending
1,2,3 to 2,1, 3, respectively, is not n-potent (because applying it repeatedly to 1
can only give 1 or 2, but never 3). The map {1,2,3} — {1,2,3} sending 1,2,3
to 3, 3,2, respectively, is not n-potent (since it does not send n to n). The map
{1,2,3} — {1,2,3} sending 1,2,3 to 3,1,3, respectively, is n-potent (indeed,
every element of {1,2,3} goes to 3 after at most two applications of this map).

Remark 2.5. Given a positive integer n, the n-potent maps f : {1,2,...,n} —
{1,2,...,n} are in 1-to-1 correspondence with the trees with vertex set
{1,2,...,n}. Namely, an n-potent map f corresponds to the tree whose edges
are {i,f (i)} for alli € {1,2,...,n—1}. If we regard the tree as a rooted tree
with root 1, and if we direct every edge towards the root, then the edges are
(i, f (i) foralli € {1,2,...,n — 1}.

Remark 2.6. Let n > 2 be an integer. Let f : {1,2,...,n} — {1,2,...,n} be any
n-potent map. Then:

(a) There exists some g € {1,2,...,n — 1} such that f (g§) = n.

(b) We have |f ! (n)| > 2.

The (very simple) proof of Remark [2.6| can be found in the Appendix (Section [4).

Second, [Eves68, Theorem 3.6.1] assumes a3 to be invertible (and all 4;; to belong to a
field); however, assumptions like this can easily be disposed of using the method of universal
identities (see [Conrad(9]).

A more explicit and self-contained proof of Theorem can be found in [KarZhal6]. Refer-
ences to other proofs appear in [Abeles14, §2].
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Definition 2.7. Let n > 2 be an integer. Let A = (ai/j)lgign, 1<j<n € K™ be an
n x n-matrix. Let f : {1,2,...,n} — {1,2,...,n} be any n-potent map.

(a) We define an element weight; A of K by
n—1
weightf A= H a; f(i)-
i=1

(b) We define an element abutf A of K by

-1 )=
abuty A = a,L],Cn (]2 H Af(i)n-
i€{1,2,..n—1};
f)#n

(This is well-defined, since Remark [2.6|(b) shows that |f~! (n)| —2 € N.)

Remark 2.8. Let 1, A and f be as in Definition Here are two slightly more
intuitive ways to think of abut; A:

(a) If a,,, € K is invertible, then abuts A is simply PR af (i) n-

(b) Remark 2.6| (a) shows that there exists some ¢ € {1,2,...,n — 1} such that
f (g) = n. Fix such a g. Then,

abutf A= H af(i),n'
ie{l,Z,...,n—l};
i3

The (nearly trivial) proof of Remark is again found in the Appendix.
Now, we can state our first generalization of Theorem

Theorem 2.9. Let n be a positive integer. Let A = <airj)1<i<n 1<j<n € K"*" be an

n x n-matrix. Let f : {1,2,...,n} = {1,2,...,n} be any map such that f (n) = n.
Let B be the (n — 1) x (n — 1)-matrix

—1)x(n—1
<ai/faf(i)r” o aif”af(i)'j>1§i§n1, 1<j<n—1 < ]K(” e )'

(a) If the map f is not n-potent, then det B = 0.
(b) Assume that n > 2. Assume that the map f is n-potent. Then,

detB = (abutf A) - det A.
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a11 ad12 413
Example 2.10. For this example, letn =3 and A = | az1 432 a3
as1 4asp 4ass
If f:{1,2,3} — {1,2,3} is the map sending 1,2,3 to 3,1, 3, respectively, then
His a1,143,3 — a1,343,1 41,2433 — 11,3432 )
az1d13 —a2341,1 422413 — a2,3012
Since this map f is n-potent, Theorem 2.9| (b) predicts that this matrix B satis-
fies det B = (abuty A) - det A. This is indeed easily checked (indeed, we have
abuty A = ay 3 in this case).
On the other hand, if f : {1,2,3} — {1,2,3} is the map sending
1,2,3 to 1,1,3, respectively, then the matrix B defined in Theorem is
a1141,3 — 41,3411 41,281,3 — 41,3412
az1d1,3 —a2341,1 4d22413 — a234012
orem (a) predicts that this matrix B satisfies det B = 0. This, too, is easily
checked (and arguably obvious in this case).

Applying Theorem (b) to f (i) = n yields Theorem (The map f :
{1,2,...,n} — {1,2,...,n} defined by f (i) = n is clearly n-potent, and satisfies
abuty A = a;;;f.

We defer the proof of Theorem until later; first, let us see how it can be
generalized a bit further (not substantially, anymore) and how this generalization
also encompasses the matrix-tree theorem.

the matrix B defined in Theorem

). Since this map f is not n-potent, The-

2.3. The matrix-tree theorem
Definition 2.11. For any two objects i and j, we define an element J;; € K by
1, ifi=j;
dij = e e
0, ifi#j
Let us first state the matrix-tree theorem.
To be honest, there is no “the matrix-tree theorem”, but rather a network of

“matrix-tree theorems” (some less, some more general), each of which has a rea-
sonable claim to this name. Here we shall prove the following one:

Theorem 2.12. Let n > 1 be an integer. Let W : {1,2,...,n} x {1,2,...,n} - K
be any function. For every i € {1,2,...,n}, set
n
at (i) =) W(j).

j=1

Let L be the matrix (&;;d" (i) — W (i, ])) € K"=1)x(=1) Then,

1<i<n—1, 1<j<n—-1

n—1
detL = 2 [TWG @) (1)
f{12,..n}—={1,2,..n}; i=1
flm)=n;
f is n-potent
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Since our notation differs from that in most other sources on the matrix-tree
theorem, let us explain the equivalence between our Theorem and one of its
better-known avatars: The version of the matrix-tree theorem stated in [Zeilbe85,
Section 4] involves some “weights” ay,, a determinant of an (n —1) x (n —1)-
matrix, and a sum over a set 7 = 7 (n). These correspond (respectively) to the
values W (k,m), the determinant det L, and the sum over all n-potent maps f in
our Theorem In fact, the only nontrivial part of this correspondence is the
bijection between the trees in 7 and the n-potent maps f over which the sum in
ranges. This bijection is precisely the one introduced in Remark

It might seem weird to call Theorem the “matrix-tree theorem” if the word
“tree” never occurs inside it. However, as we have already noticed in Remark
the trees on the set {1,2,...,n} are in bijection with the n-potent maps {1,2,...,n} —
{1,2,...,n}, and therefore the sum on the right hand side of (1) can be viewed as
a sum over all these trees. Moreover, the function W can be viewed as an n X n-
matrix; when this matrix is specialized to the adjacency matrix of a directed graph,
the sum on the right hand side of (1) becomes the number of directed spanning
trees of this directed graph directed towards the root n.

2.4. Generalization, step 2

Now, as promised, we will generalize Theorem a step further. While the result
will not be significantly stronger (we will actually derive it from Theorem [2.9| quite
easily), it will lead to a short proof of Theorem [2.12}

SA slightly different version of the matrix-tree theorem appears in [Verstr12, Theorem 1] (and
various other places); it involves a function W, a number v € {1,2,...,n}, a matrix Ly, a set
To and a sum 7 (W, v). Our Theorem is equivalent to the case of [Verstr12, Theorem 1] for
v = n; but this case is easily seen to be equivalent to the general case of [Verstr12| Theorem 1]
(since the elements of {1,2,...,n} can be permuted at will). Our matrix L is the L, of [Verstr12)
Theorem 1]. Furthermore, our sum over all n-potent maps f corresponds to the sum 7 (W, n) in
[Verstr12], which is a sum over all n-arborescences on {1,2,...,n}; the correspondence is again
due to Remark [2.5]




A generalization of Chio Pivotal Condensation

page 7

B = (bi,j)1gign, 1<j<n

the form BA = (Ci,j)lgignl 1<j<n’

Then,

detG =
f(n)=n;

f is n-potent

To obtain Theorem g from Theorem

Below we shall show

bisaz,; for all i and j. We have

Theorem says that

Theorem 2.13. Let n > 2 be an integer. Let A = (a;;)

Let G be the (n — 1) x (n — 1)-matrix

(aijCin — ai/”Ci/j)lgign—l, 1<j<n—1

1<i<n, 1<j<n

e ]K(nfl)x(n—l).

(weightf B) (abuts A) | - det A.

f{12,.n}—={12,.,n};

2.13

we have to define Bby B = (

e one map f33 which sends both 1 and 2 to 3;
e one map f»3 which sends 1 to 2 and 2 to 3;

e one map f3; which sends 2 to 1 and 1 to 3.

_ [ maa3 — 11413 412013 — €1,2413
42,1023 — €2,1423 d22C23 — (22473

Oj

detG = <<weightf33 B) (abutg,, A) + <weightf23 B) (abutg,, A)
+ (weighty, B) (abuty, A)) - detA
= (b1,3b23033 + b1,bo 323 + b1 b 11 3) - det A

€ K"*" and

€ K™ be n x n-matrices. Write the n x n-matrix BA in

'f(i)) 1<i<n, 1<j<n’

ow to obtain the matrix-tree theorem from Theorem

Example 2.14. Let us see what Theorem says for n = 3. There are three
n-potent maps f : {1,2,3} — {1,2,3}:

The definition of the c; ; as the entries of BA shows that ¢;; = bz’,1ﬂ1,j + bipaz; +
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3. The proofs

3.1. Deriving Theorem 2.13] from Theorem 2.9

Let us see how Theorem can be proven using Theorem 2.9| (which we have not
proven yet). We shall need two lemmas:

Lemma 3.1. Let n € IN and m € IN. Let b;; be an element of K for every
i €{1,2,...,m} and every k € {1,2,...,n}. Letd;;; be an element of K for
every i € {1,2,...,m}, j € {1,2,...,m} and k € {1,2,...,n}. Let G be the

n
m X m-matrix ( Y bixdijk . Then,
k=1 1<i<m, 1<j<m

detG = Y } (H biﬂl’)) det ((di’j’f(i)>1§i§m, 1§j§m) '

F:{1,2,..m}—{1,2,. i=1

Lemma [3.1 is merely a scary way to state the multilinearity of the determinant
as a function of its rows. See the Appendix for a proof.
Let us specialize Lemma 3.1)in a way that is closer to our goal:

Lemma 3.2. Let n be a positive integer. Let b;; be an element of K for every
i€{l,2,...,n—1} and every k € {1,2,...,n}. Let d; i be an element of K for
everyie€ {1,2,...,.n—1},j€{1,2,...,n—1}and k € {1,2,...,n}. Let G be the

n
(n—1) x (n — 1)-matrix ( Y bixdijk . Then,
k=1 1<i<n—1, 1<j<n—1

n—1
detG = Y. (H bi,f(l‘)) det ((di’j'f(i)>1§i§n1, 1§j§n1) '

f{12,..n}—={12,.,n};, \i=1
f(n)=n

Proof of Lemma Lemma 3.| (applied to m = n — 1) shows that

n—1
detG = )3 } <1—{ bi,f(l')) det ((di’j’f(i)>1<i<n—1, 1<j<n—1) .
L <i< <j<

f{12,..n—1}—={1,2,..n

The only difference between this formula and the claim of Lemma 3.2| is that the
sum here is over all f : {1,2,...,n—1} — {1,2,...,n}, whereas the sum in the
claim of Lemma [3.2]is over all f : {1,2,...,n} — {1,2,...,n} satisfying f (n) = n.
But this is not much of a difference: Each map {1,2,...,n—1} — {1,2,...,n} is
a restriction (to {1,2,...,n —1}) of a unique map f : {1,2,...,n} — {1,2,...,n}
satisfying f (n) = n, and therefore the two sums are equal. O
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Proof of Theorem[2.13] For every i € {1,2,...,n—1},j € {1,2,...,n—1} and k €
{1,2,...,n}, define an element d;; of K by

dijx = ik, — Aipnfg,;- (2)
Forevery f:{1,2,...,n} — {1,2,...,n} satisfying f (n) = n, we have

det di,j,f(i)
N——
=i f (i) inf (i),
(by @) 1<i<n—1, 1<j<n-1

= det ((ai/jaf(i)/n - ai,naf(i),j) 1§i§n—1, 1§]§1’l—1>

)0, if f is not n-potent; 3)

| (abuts A) -det A, if f is n-potent
(by Theorem applied to the matrix <ai/]-af(i),n - ai’”af(i)'j>1§i§n1, o in-
stead of B).

We have
n
(Ci,j)1§ign, 1<j<n — BA = <Z bi,k”k,j)
k=1 1<i<n, 1<j<n
(by the definition of the product of two matrices). Thus,
n
Cij = Z bi kax,j for every (i,j) € {1,2,.. .,n}z. 4)
k=1
Now, for every (i,j) € {1,2,...,n — 1}2, we have
aij Cin —Ain  Cij
~—~—~ ~~
= Zl bi kax,n :ki b kay,j
= =1
(by (@), applied to n by @)

instead of j)
n

n n n
=ai; Y bixrn — ain Y bigarj =Y big (i, — Qinari) = Y bixd;jk.
k= k=1 % 7 k=1

k=1 1 ~~
=d; ;|
(by @
Hence,
n
G = | 4jjCin — AinCij = | Y birdijx :
— k=1 1<i<n—1, 1<j<n—1

n
=1 bijd;jx
k=1 1<i<n-1, 1<j<n-1
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Hence, Lemma [3.2] yields

n—1
detG = bi . det ( di e ‘ . )
f:{l,2,...,n}§{l,2 n}; (1—[ S0 > ( S )>151§"—1, 1<j<n—-1 g

n)=n
—welght B { , if f is not n-potent;

(bgfﬂifefgfff“{;‘)" " abutf A)-detA, if fis n-potent

_ Z (wei ht B) 0, if f is not n-potent;
B FA12 b {12, ) & (abutf A) - det A, if f is n-potent
Fn)=n
= Y. (weightf B) (abutf A) - det A
f{12,.n}—={12,.,n};
f(n)=n;

f is n-potent

- Z (weightf B) (abutf A) | - detA.
f{12,...n}—={12,...,n};
f(n)=n;

f is n-potent

3.2. Deriving Theorem 2.12| from Theorem

Now let us see why Theorem generalizes the matrix-tree theorem.

Proof of Theorem WLOG assume that n > 2 (since the case n = 1 is easy to

check by hand). Define an 1 x n-matrix Aby A = (a;;), ..., i<n where

aij = 6ijj + 6jn (1= i) -

(This scary formula hides a simple idea: this is the matrix whose entries on the
diagonal and in its last column are 1, and all other entries are 0. Thus,

1000 01
0100 01
0010 01
A=10001 01
0 00O 11

)
@)
)
@)
)
—_
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) Note that every (i,j) € {1,2,...,n — 1}* satisfies
a;j = (Si,]' + (5]"” (1 — 51',”) = 51"]'. (5)
~—~
(since j#n
(since je{1,2,...n—1}))
Also, every i € {1,2,...,n — 1} satisfies
ain= din + Onn 1— 6, (by the definition of 4; ,,)
— _1 i
(sincz i#n) (sincg n=n) (sinc; i#n)
=0+1(1-0)=1. (6)

Also, let B be the n x n-matrix (W (i,]))1<i<,, 1<j<n- Write the n X n-matrix BA
in the form BA = (Cirf)lgign, 1<j<n Then, it is easy to see that every (i,j) €

{1,2,..., n}2 satisfies

Ci,j =W (l,]) + 5]',,1 (dJr (l) - W (l, 7’1))

6Proof of (7): For every i € {1,2,...,n}, we have

d* (i) =

M-

1
1 n—1

-
[

N
|

= YW@ ) +W(in) = Y. Wi,k +W(i,n)

1 k=1

-
Il

(here, we renamed the summation index j as k) and thus

nfwa,k) =dt (i) = W (i,n).
k=1

But

n
(Ci/j)lgign, 1<j<n = BA = (k_zl W (i, k) ak,j>

W (i, j) (by the definition of d* (i))

1<i<n, 1<j<n

(7)

®)

(by the definition of the product of two matrices, since B = (W (i,]))1<;<,, 1<j<n and A =
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Thus, for every (i,j) € {1,2,...,n — 1}2, we have

ai,j Cin - az n Ci,j
~~ ~~~
=0ij =W(i,n)+8un(d"(i)=W(in) (i,j) 46 (d* (1)~ W(in))
7 7 7 ]1’[, 7
(by (B)) (by (7), applied (by b) by [@))

to j instead of n)

=6, W(i,n)+ﬁqf/(d+(i)—W(i,n)) — | W)+ ﬁ,”/ (d* (i) — W (i,n))
=1 -0

(since j<n)

= 0;j (W (i,n) + (d7 (i) =W (i,n))) =W (i,]) = 8i;d " (i) = W (i, ).

=d* (i)

Hence,

+ ;s _
(aijcin — aZ”C1/]>1<1<n 1, 1<j<n—1 = (0;d" (i) — W(lr]))1gign_1, 1<jcn—1 = L

In other words, L is the matrix (a;c;n — @iuCij) ., I<jcnt € K (n=1)x(n=1)_

(ai'f)1<i<n l<j<n)' Hence, every (i, ]) € {1,2,...,;1}2 satisfies

Ci,j = Z 14% (Z, k) ak,]-
k=1 ~~~
=0y, +0;n (1=6kn )
(by the definition of ay.;)

= Z 3% (Z,k) (5](,]' + 5]'/71 (1 - 5](,71))
k=1

n n
= Z Z k 5](] +5]’,n Z W (i, k) (1 — 5](,”)
k=1 k=1
| S —
=W ',' n—1 . .
(because the fact(gir ]5)k.j in the sum :kgl W(ik) (1_5k,n)+w(lr”)(l_5n,n)

kills every addend except the one for k=j)

n—1

=W (@i, j)+6n | _WGEK) [1— &y +W (i,n) (1—36nu)
k=1 ~~ T
(sincg(l)c<n) (sinceiém,:l)

n—1
=W (@i,j)+6n | Y W(ik) (1—0)+W(in)0
=1 —— S —
=1 =0
n—1
S W)+ 8 YW G K) = W (i) + 8 (47 (1) — W (i),
k=1
—d* (i) = W(in)
(by (8))
and thus (7) is proven.
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Thus, Theorem (applied to G = L) yields

detL = ) (Weightf B> (abutf A) ~det4
f:{1,2,.‘.,n}—>{1,2,...,n};—\,—/T/ -1
=n; n—1 -
f ij;(g-)portlént 21131 W(i f(i))

n—1
= > [IwWGf@).
f{12,..n}—={12,..,n}; i=1
f(n)=n;

f is n-potent
This proves Theorem 2.12] O

3.3. Some combinatorial lemmas

We still owe the reader a proof of Theorem We prepare by proving some
properties of maps f: {1,2,...,n} = {1,2,...,n}.

Proposition 3.3. Let n € IN. Let f : {1,2,...,n} — {1,2,...,n} be a map. Let
i€{1,2,...,n}. Then,

@y e{f@ | sef{o1,...,n—1}} for every k € IN.

Proposition [3.3|is a classical fact; we give the proof in the Appendix below.
The following three results can be easily derived from Proposition we shall
give more detailed proofs in the Appendix:

be a map such that f (n) = n. Leti € {1,2,...,n}. Then, f"~! (i) = n if and only

Proposition 3.4. Let n be a positive integer. Let f : {1,2,...,n} — {1,2,...,n}
if there exists some k € IN such that f* (i) = n.

be a map such that f(n) = n. Then, the map f is n-potent if and only if

1 {1,2,...,n}) = {n}.

Corollary 3.6. Let n be a positive integer. Let f: {1,2,...,n} — {1,2,...,n} be
a map such that f (n) =n. Leti € {1,2,...,n}. Then, §pu1(;), = Ofn(i) n-

‘ Proposition 3.5. Let n be a positive integer. Let f : {1,2,...,n} — {1,2,...,n}

One consequence of Proposition is the following: If n is a positive integer,
and if f : {1,2,...,n} — {1,2,...,n} is a map such that f (n) = n, then we can
check in finite time whether the map f is n-potent (because we can check in finite
time whether "1 ({1,2,...,n}) = {n}). Thus, for any given positive integer 7, it
is possible to enumerate all n-potent maps f : {1,2,...,n} — {1,2,...,n}.

Next, we shall show a property of n-potent maps:
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Lemma 3.7. Let n be a positive integer. Let f : {1,2,...,n} — {1,2,...,n} be a
map such that f (n) = n. Assume that f is n-potent.

Let ¢ € S, be a permutation such that ¢ # id. Then, there exists some i &€
{1,2,...,n} such that o (i) ¢ {i, f (i)}.

Proof of Lemma[3.7, Assume the contrary. Thus, o (i) € {i,f (i)} for every i €
{1,2,...,n}.

We have o # id. Hence, there exists some h € {1,2,...,n} such that o (h) # h.
Fix such a h. We shall prove that

ol (h) = fI (h) for every j € IN. 9)

Indeed, we shall prove this by induction over j. The induction base (the case
j = 0) is obvious. For the induction step, fix ] € N, and assume that ¢/ (k) = f/ (h).
We need to prove that ¢/ (h) = f/*1 (h).

We have assumed that o (i) € {i, f (i)} for every i € {1,2,...,n}. Applying this
toi = o/ (h), we obtain o (¢/ (h)) € {¢/ (h), f (¢/ (h))}. In other words, /™ () €
{o) (h),f (¢ (h))}. Thus, either o/*1 (h) = ¢/ (h) or /%1 (h) = f (¢/ (h)). Since
o1 (h) = ¢/ (h) is impossible (because in light of the invertibility of o, this would
yield o (h) = h, which contradicts o (h) # h), we thus must have ¢/*1 (h) =

f (¢ (h)). Hence, o/*1 (h) = f d(/_hl = f (f! (h)) = f/™1 (h). This completes

=f1(n)
the induction step.
Thus, (9) is proven.
But f is n-potent. Hence, there exists some k € IN such that f* (k) = n. Consider
this k. Applying (9) to j = k, we obtain ¢* (1) = f* (h) = n.

But applying (9) to j = k+ 1, we obtain ¢**1 (h) = f&*1(h) = f ( k(h)) =
e~
=n

f(n) = n. Hence, n = ¢**1(h) = o* (o (h)), so that ¢ (o (h)) = n = ¢*(h).
Since ¢* is invertible, this entails ¢ (k) = h, which contradicts o (h) # h. This
contradiction proves that our assumption was wrong. Thus, Lemma [3.7|is proven.

O

3.4. The matrix Z; and its determinant
Next, we assign a matrix Z; to every such f : {1,2,...,n} = {1,2,...,n}:
Definition 3.8. Let 1 be a positive integer. Let f : {1,2,...,n} — {1,2,...,n} be

a map. Then, we define an n X n-matrix Zy € K"*" by

Zy = <5i,j —(1=din) 5f(i)/j>

1<i<n, 1<j<n
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Example 3.9. For this example, set n = 4, and define a map f : {1,2,3,4} —
[1,2,3,4} by (f (1), £ (2), £ (3),f (4)) = (2,4,1,4). Then,

1 —-10 0
0 1 0 —1
Zr=1 1 0 1 0
0 0 0 1

Now, we claim the following;:

Proposition 3.10. Let n be a positive integer. Let f : {1,2,...,n} —
{1,2,...,n} be a map such that f(n) = n. Let vy be the column vector

x1 —
<1 — 5fn1(i)’n>1§i§n, 1<j<1 € K™t Then, vaf = 0,,%1-

(Recall that 0,7 denotes the n x 1 zero matrix, i.e., the column vector with n
entries whose all entries are 0.)

Proof of Proposition We shall prove that

n

kzl ((Si,k — (1= 6in) 5f(i),k) (1 - 5f”*1(k),n> =0 (10)
foreveryi € {1,2,...,n}.

Proof of (I0): Let i € {1,2,...,n}. Corollary 3.6 yields d7u-1(;) , = Op1(i) -
On the other hand, f (n) = n. Thus, itis straightforward to see (by induction over
h) that f* (n) = n for every h € N. Applying this to i = n, we obtain f" (n) = n.
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Now,
]:21 ( ik = (1= 0in) 05, ) (1_5f"’1(k)f”>
= kgl dik (1 — (an—l(k),n) - kizl (1— (Si,n) (5f(i),k (1 — 5fn—1(k)/n)

Ve Vv

NN AGL =(1-610) (1-0pn- 1(f()>")
il (because; zlhe (fiactor (Sit/kt}lln the Sfumk—‘ (because the factor ;) x in the sum
ills every addend except the one for k=) kills every addend except the one for k=£ (7))

= [ 1=0p10y0 | — (1—06in) | 1— O fn=1(£(i)),n
———
=0 (i)n =Onim

= (1=bpyn) = (1= 85) (1= Spr(i0 )
(1-(1—bin)) (1 — 5fn(i),n) = bin (1 — 5fn(i),n>

-~

:éi,n

)0, ifi#n;, JO, ifi#mn
1= bpmm ifi=n |0, ifi=n

(since f" (n) = n and thus 6 (), = dnn = 1 and hence 1 — dpn(yy) , = O)
=0.
This proves (10).

Recall now that
Zf _ (51.,]. — (1 - 51’,71) 5f(i)rf>1§i§n, 1<j<n

and vy = (1 -9 fn—l(l‘),n>1<i<n o— Hence, the definition of the product of two

matrices yields

n

Zop = E(zk_ (1= i) 05, )(1_‘5f”‘1<k>f”>

J/

=0
(by ) 1<i<n, 1<j<1

- (0)1§i§n, 1<j<1 — Op 1

This proves Proposition 3.10} O
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Now, we recall the following well-known properties of determinantﬁ

Lemma 3.11. Let n € IN. Let A be an n X n-matrix. Let v be a column vector
with n entries. If Av = 0,1, then det A - v = 0,,1.

Lemma 3.12. Let 7 be a positive integer. Let A = (a;;),_._ |<jn DEAN T X 11-

matrix. Assume that

aj, =0 foreveryiec {1,2,...,n—1}. (11)

Then, det A = ay, ,, - det <(aiff)1§i§n—1, 1§j§n—1>'

Now, we can prove the crucial property of the matrix Z:

Proposition 3.13. Let n be a positive integer. Let f : {1,2,...,n} — {1,2,...,n}
be a map satisfying f (n) = n.

(a) If f is n-potent, then det (Z;) = 1.

(b) If f is not n-potent, then det (Zy) = 0.

Proof of Proposition Write the matrix Zy in the form (z;;),_._ <j<y Thus,
(2ij)1<i<n 1<jen = 4F = <§i'f — (1= i) 5f(i)’j)1§i§n, 1<j<n’
Hence, every (i,]) € {1,2,...,n}* satisfies
1, ifi<mn
zij=0ij— (L —0in)  Of(i); =i — {0 i OF0 (12)
1, ifi <
o, ifi=n
o ifi< e e ifi<
=g, { Oy S 0= Opyy EE< (13)
0, ifi=mn 0ijr ifi=n

(a) Assume that f is n-potent.
Let 0 € S, be a permutation such that ¢ # id. Then, there exists some i &
{1,2,...,n} such that o (i) ¢ {i, f (i)} (by Lemma [3.7). Hence, there exists some

n
i €{1,2,...,n} such that Zig(i) = 0 Hence, the product lei,g(l-) has at least
i

one zero factor, and thus equals 0.

"For the sake of completeness: Lemma is [Grinbel5, Corollary 5.102]; Lemma is
[Grinbel5| Corollary 5.45].

8Proof. We have just shown that there exists some i € {1,2,...,n} such that o (i) ¢ {i,f(i)}.
Consider this i. We have o (i) ¢ {i,f (i)}, thus ¢ (i) # i, and thus &;;;; = 0. Also, 0 (i) ¢
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Now, forget that we fixed o. We thus have shown that
n
sz(i) =0 for every o € S, such that o # id. (14)
i=1
On the other hand, it is easy to see that
n
Hzi,i =1. (15)
i=1

Fl
Now, the definition of det (Z f) yields

n
det (Zr) = ) (=1 [ ]zie) (Since Zs = (2ij)1<icn, 1§j§n)
oesy, i=1
id s o s
= (=11 1ziam + —1 Zi o(i
( ) [11: 1,1d(zl Uezsn;( ) E i,0(i)
=1 =Zj; o#id T
(by (13))
n n
=[Jzii+ Y} (-1)70=]]zi=1 (by (19)).
i=1 0ESy; i=1
o#id
_r

This proves Proposition (a).

(b) Assume that f is not n-potent. Then, there exists some i € {1,2,...,n} such
that f*~1 (i) # n Fix such an i, and denote it by u. Thus, u € {1,2,...,n} is
such that "1 (u) # n.

{i, f (i)}, thus o (i) # f (i), and thus &) +(; = 0. Now, (applied to (i, 0 (i)) instead of (i,]))
yields

1, ifi<m
Zig(i) = 5i,a(i) - {O, fien fjr_(i),g(i) =0—-0=0,
=0 =0

ged.
9Proof of : To prove this, it is sufficient to show that z;; = 1 for every i € {1,2,...,n}. This is
obvious when i = 1 (using the formula (I3)), so we only need to consider the case when i < 1.
In this case, (applied to (i,i) instead of (i,])) shows that z;; = &L_éf(i)'i =1—"5¢3)-
=1
Hence, in order to prove that z;; = 1, we need to show that d¢(;) ; = 0. In other words, we need
to prove that f (i) # i.

Indeed, assume the contrary. Thus, f (i) = i. Hence, by induction over k, we can easily see
that f* (i) = i for every k € IN. Hence, for every k € IN, we have f* (i) =i # n. This contradicts
the fact that there exists some k € IN such that f* (i) = n (since f is n-potent). This contradiction
proves that our assumption was wrong. Hence, (15) is proven.

19Proof. Assume the contrary. Thus, for every i € {1,2,...,n}, we have f"~!(i) = n. Hence,
for every i € {1,2,...,n}, there exists some k € IN such that f* (i) = n (according to the =
direction of Proposition [3.4). In other words, the map f is n-potent. This contradicts the fact that
f is not n-potent. This contradiction shows that our assumption was wrong, qed.
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Define the vector vy as in Proposition Proposition yields Zsvs = 0px1.
Lemma (applied to Zy and vy instead of A and v) thus yields det (Zy) - vy =
0,,x1. Thus,

(0)1<i<n, 1<j<1 = Onx1 = det (Zy) - of
~—

- (1_§f”’1(i)f”) 1<i<n, 1<j<1

= det (Zy) - (1 - (5f”1(i)r”)1§i§n, 1<j<1

= <det (Zf) . <1 — 5fn_l(i)’n>>1§i§n, 1<j<t”

In other words, 0 = det (Zy) - <1 - 5fn71(i),n> for each i € {1,2,...,n}. Applying
this to i = u, we obtain

O=det(Zs) - |1~ Sp-1(y)n = det (Zs) -1 = det (Zy) .
=0
(since f"il(u)yén)
This proves Proposition (b). O

3.5. Proof of Theorem

Let us finally recall a particularly basic property of determinants:

Lemma 3.14. Let m € N. Let A = (a;j), . I<jem € K™ be an m x m-

matrix. Let by, by, ..., by, be m elements of K. Then,

m
det ((biﬂi,j)lgigm’ 1§j§m> = (11 bi) det A.
1=

(Again, see the Appendix for the proof of this lemma.)
We can now finally prove Theorem

Proof of Theorem The identities we want to prove (both for part (a) and for part
(b)) are polynomial identities in the entries of A. Thus, we can WLOG assume that
all these entries are invertibleﬁ In other words, we can assume that 4; ; is invertible

for each (i,7) € {1,2,.. .,n}z. Assume this.

HHere is a more detailed justification for this “WLOG”:
Let us restrict ourselves to Theorem 2.9| (b). (The argument for Theorem [2.9|(a) is analogous.)
Assume that Theorem (b) is proven in the case when all entries of A are invertible. We
now must show that Theorem [2.9| (b) always holds.
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Let C be the (n — 1) x (n — 1)-matrix

(m _ ”f(i)—’j> e Kin-1x(n=1),
Bin  Afi)n ) 1<icn-1, 1<j<n-1

Let 1 be a positive integer such that n > 2. Let f : {1,2,...,n} — {1,2,...,n} be an n-potent
map. Then, Theorem 2.9](b) claims that

detB = (abutf A) -det A (16)

for every n x n-matrix A = (ai,]-)

€ K™" where B is as defined in Theorem The
equality rewrites as

1<i<n, 1<j<n

n—1
Z 11 (ai,a(i)af(i),n - ﬂi,nﬂf(i),g(i))

0€S, 1

—1 _2 n
= “L{n ol T i |- X TTaen (17)

ie{1,2,..n—1}; oeS, i=1
fi)#n
(because we have
det \li/ = det ((ai,jaf(i),n — ai'naf(i)’j)lgign—l, 1§j§n—1>

= (air/'”f(i)/" _airﬂ”f(i)fi)gignq, 1<j<n—1
e

1
= ) I <“iﬂf(i)“f(i),n - “irn“ﬂi)ﬂ@)

o€S,_q i=
|[f ()| -2 d
and abutf A = ay, IT agi), and detA =} [I4a4(;)). Thus, Theorem
ie{1,2,...n—1}; oes, i=1
f)#n
(b) (for our given n and f) is equivalent to the claim that holds for every n x n-matrix
€ K",

(“i,f)lgign, 1<j<n
Now, let P be the polynomial ring Z [X,-,j | (i,)) € {1,2,...,n}2} in the n? indetermi-

nates X;; for (i,j) € {1,2,...,n}%. Let F be the quotient field of IP; this is the field

Q (Xi,j | (i,j) € {1,2,..., n}z) of rational functions in the same indeterminates (but over Q).
Let Ax be the n x n-matrix (Xi/j)lgign, 1<j<n

then all entries of Ax are invertible (because they are nonzero elements of the field IF). Hence,
Theorem (b) can be applied to F, Ay, Xl-,]- and By instead of K, A, aj and B (because we
have assumed that Theorem [2.9] (b) is proven in the case when all entries of A are invertible). As
we know, this means that holds for 4;; = X; ;. In other words, we have

€ P"*". If we regard Ax as a matrix in F"*",

n—1
> T (Xt X = XinXs(i009 )
‘76571—1 i=1
-1 _ n
= X,L{n (n)| 2 H Xf(i),rl . Z Hxi,a(i)' (18)

i€{12,.,n—1}; c€Sy i=1

f@)#n
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_
’11 n Afin

Thus, Lemma [3.14{ (applied to and a; ,a F(i)m instead of m, A,

a;;j and b;) yields

det | (ayarm, (2 20
nef(i)n ain af(z’),n 1<i<n-1,1<j<n-1

(r:_l <a1naf )) det C.

Comparing this with

—_

aij  Af(i),]
det | | dinf(iyn <a - W>

~"

=ijhf (i) nYndf (i), 1<i<n—1, 1<j<n—1

= det (ai,jaf(i)/” o ﬂi,nﬂf(i),j)1<l.<n_1’ 1<j<n—1 = detB,

N

-

=B

detB = <n—1 (alnaf )) detC. (19)

i=1

we find

It remains to compute detC.
For every (i,f) € {1,2,...,n}?, define an element d;; € K by

Aij A0,

, ifi<m
d.. = ¢ %n AfG)n
7 ﬂi,]' e
—, ifi=n
Ain

Now, let (a; f)l <i<n, 1<j<n € K"*" be an n x n-matrix. The equality 1} is an identity between

polynomials in the polynomial ring IP. Thus, we can substitute a;; for each X;; in this equality.
As a result, we obtain the equality (17).

Thus we have shown that (17) holds for every n x n-matrix (a;;), ;. 1<j<n € K1 A we

have already explained, this is just a restatement of Theorem [2.9| (b); hence, Theorem [2.9| (b) is
proven in full generality.

(The justification above is a typical use of the “method of universal identities”. See [Conrad09]
for examples of similar justifications, albeit used in different settings.)
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For every i € {1,2,...,n — 1}, the definition of d; , yields
a .
L R
diy = { Bin Ol = Jin_ Tf@n (since i < n)
ic ifi=n Ain  Af(i)n
Ain ] SN——"
= =1
—1-1=
Moreover, the definition of d,, , yields
a
Inn _ —f(n)’n, if n <mn;
I Z”/” Af(n)n =2 (since n = n)
Wil ifn=mn n,n
Ann
=1.
Finally, every i € {1,2,...,n—1} and j € {1,2,...,n} satisfy
s,
dij — ai',r.l af(i)n — ﬂ _ Af(i),j (20)
’ -, ifi=n %n Afin
ain
(since i < n).
Now, let D be the n x n-matrix

(dirf>1§i§n, 1<j<n €K

Recall thatd;, =0 foreveryi € {1,2,...,n—1}.
D and d; j instead of A and g, ;) shows that

detD — dn/n det dl,]
~~ N
=1 CGij AfGi),
Ain  Af(i)n
(by (20))

Elz']'

= det (—’—

f(i),j
Af(i)n

>1<i<n—1,

nxn

Hence, Lemma (applied to

1<i<n—1, 1<j<n~-1

= detC.
1<j<n—1

-~

=C
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Hence, becomes

n—1
detB = ( (“zvnaﬂi),n)) detC

=detD
(n

<ai,naf(i),n> ) det D. (21)
Hence, we only need to compute det D. How do we do this?

N
\ Il
_

~
—

q:
Let E be the n x n-matrix (l) € K"
Bin/ 1<i<n, 1<j<n
1
Recall that A = (ai'j)lgign, 1<j<n Lemma 3.14| (applied to m = n and b; = Z)

thus yields

1 H” 1
R ;
Ain 1<i<n, 1<j<n i=1 in

Compared with

1 0
det | | ——aij —det | (£ = detE,
ii’f,_, A Ain /) 1<i<n, 1<j<n
Lll'/]' ~F
Ain

1<i<n, 1<j<n
this yields

i=1 %in

detE = (ﬁ L) det A. (22)

On the other hand, recall that we have defined an n x n-matrix Z £ in Definition
B.8l We now claim that

D = ZE. (23)

PTOOfOf .' We have Zf = (51"]' — (1 — 51',”) 5f(i)’j>1§i§n, 1<j<n and

a. .
E= <l) . Thus, the definition of the product of two matrices yields
1<i<n, 1<j<n

ain

n ar :
ZsE = (Z ((5i,k — (1 =) 5f(i),k> ]

, .
k=1 kn ) 1<i<n, 1<j<n
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Since every (i,j) € {1,2,...,n}” satisfies

n

Z <5i,k —(1=6;in) ‘Sf(i),k> Ak,j

k=1 ke
n ak n ak
_ ] ]
- Zéz’kﬁl _Z (1_51n)5f(z)ka
k=1 %kn k=1 . kn
950
a; : f 1
:l :(1_51,71)
Ain Af(i)n
(because the factor 0  in the sum (because the factor é(; i in the sum
kills every addend except the one for k=i) kills every addend except the one for k=f(i))
a Ui _ % JL < 5,
=S (1-5) R P
ain ——— af(z'),n ain 0, ifi=n af(i),n
1, ifi<mn;
0, ifi=mn
i——f(l)’], ifi <m;
a; ari; e ey
=9 ai] f@i)m =d;; (by the definition of d; ),
—, ifi=n
Ain
this rewrites as
ZfE = (di,j)lgign, 1<j<n”

Comparing this with D = (dir/)1<i<n 1<j<nr W obtain D = Z(E. This proves .
Now, we can prove parts (a) and (b) of Theorem

(a) Assume that the map f is not n-potent. Taking determinants on both sides of
(23), we obtain

det D = det (Z(E) = det (Zy) -detE = 0.
h\/—/
(by Proposii(())n (b))

Thus, becomes

n—1
detB = (]‘[ <a,-,naf(i),n)> detD =0.

i=1 0

This proves Theorem 2.9 (a).
(b) Assume that the map f is n-potent. Taking determinants on both sides of
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([23), we obtain

det D = det (ZfE) = det (Zf) -detE = detE
———

=1
(by Proposition (@)

- (Ha,i) deta (b @)
i—1 %in
\iein)

:H a Nn— H a in
i SO ie{1,2,..,n—1} S0

1
B I1 Af(iyn | - det A = (abuts A) det A.
i€{1.2,...n—1} An,n
! II - but; A
- ) n=abut
Ann i6{1,2,...,n71}af<l>'n abuty
(by Remark[2.8] (a))
This proves Theorem 2.9] (b). -

3.6. Further questions

The above — rather indirect — road to the matrix-tree theorem suggests the following
two questions:

e Is there a combinatorial proof of Theorem Or, at least, is there a “division-
free” proof (i.e., a proof that does not use a WLOG assumption that some of
the a; ; are invertible or a similar trick)?

e Can we similarly obtain some of the various generalizations and variants of
the matrix-tree theorem, such as the all-minors matrix-tree theorem ([Chaiken82,
(2)] and [Sahil3, Theorem 6])?
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4. Appendix: some standard proofs

For the sake of completeness, let us give some proofs of standard results that have
been used without proof above.

Proof of Remark[2.6] (a) We have 1 # n (since n > 2). But the map f is n-potent.
Thus, there exists some k € IN such that f* (1) = n. Let h be the smallest such k.
Then, f" (1) = n. Hence, h # 0 (since f" (1) = n # 1 = f°(1)). Therefore, h — 1 €
N, so that f"~1(1) # n (because h is the smallest k € IN such that f* (1) = n).
Hence, f"~1 (1) € {1,2,...,n—1}. Thus, f""1(1)isa g € {1,2,...,n—1} such
that f (g) = n (since f (f"~1(1)) = f*(1) = n). Therefore, such a g exists. This
proves Remark [2.6| (a).

(b) The map f is n-potent; thus, f (n) = n. Hence, n € f~! (n). Remark 2.6 (a)
shows that there exists some g € {1,2,...,n —1} such that f (g) = n. Consider
this g. From f (¢) = n, we obtain ¢ € f~! (n). From ¢ € {1,2,...,n — 1}, we obtain
¢ # n. Hence, ¢ and n are two distinct elements of the set f~! (n). Consequently,
|f~1(n)| > 2. This proves Remark (b). O

Proof of Remark[2.8) (b) We have n € f~!(n) (since f(n) = n) and g € f~!(n)
(since f (g) = n). Moreover, g # n (since g € {1,2,...,n—1}). Hence, g and n are
two distinct elements of f~! (n). Hence, [f ! (n) \ {n,g}| = |f ' (n)| — 2. But

fie{1,2,..,n=1}\{g} | (i) =n}
=N {12 =11\ {gh)
=m0 n -1 g = (7 \ () \ (s}

=1\ {n}
= fH )\ {ng}

so that

fie (L2 n=11\{g}h | () =n} = |f M\ {ng}| = (m)|-2
(24)
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Now,
Af(iyn
i€{12,.n—1};
i#g
= Il o= I1 af(i)n IT  #m
i€{12,...n—-1}\{g} i€{12,...n-1}\{g}; \:71/-/ i€{12,...n-1}\{g};
fli)=n (since fn(,?):n) fliy#n
= G [T am
ie{1,2,..n—1}\{g}; ie{1,2,..n—=1}\{g};
f(i)=n ) f(i)#n
i (2e =108} | =) 0] 2
’ (by @9) ’
-1 )
= aL{n (n)| H Afiyn | = abutf A
i€{1,2,..,n—1};
f()#n

(by the definition of abuts A). This proves Remark [2.8| (b).

(@) Assume that a,,, € K is invertible. Fix ¢ € {1,2,...,n — 1} as in Remark
(b). Then,

[T aon= apgm [l an = annabuty A,
i€{1,2,..n—1} jaf—/ i€{12,..,n-1};
(since f(g):n) N i78 —~ _
=abut; A
(by Remark 2.8| (b))
1
so that abuty A = IT af(i)n- This proves Remark 2.8/ (a). O]
nn ic{1,2,.,n-1}
n
Proof of Lemma We have G = < Y. bi/kdi,]-,k) . Thus, the definition of
k=1

1<i<m, 1<j<m
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a determinant yields

detG= ) (-1) I <k_21 bi,kdi,a(i),k>

oES, i:l
= [T (5 6y 1
I R T1 (500 i)
(by the product rule)
o
=Y (-1 Y T (todenso)
oESy f{12,..m}—={1.2,.n}i=1

SR SIS o

m
f:{1,2,..m}—{1,2,...,n} 0€ESy i=1

(Bssioins)

= D }(gbi,f(i)) >, (-1 (Hdwm,ﬂo)

f{12,..m}—{12,..n oESy

:det((di,j,f(f) )1§i§m, 1§j§m)
(by the definition of a determinant)

m
= )3 } (H bis m) et ((di’f’f (i)> 1<i<m, 1§f§m> '

fA{12,...m}—{1.2,..n i=1
[

Proof of Proposition[3.3] The elements f° (i), f! (i),..., f" (i) are n + 1 elements of
the n-element set {1,2,...,n}. Thus, by the plgeonhole principle, we see that two
of these elements must be equal. In other words, there exist two elements u and v
of {0,1,...,n} such that u < vand f* (i) = f° (i). Consider these u and v. We have
v e {0,1,...,n},sothat v < nand thusv—1<n-—1. Hence, {0,1,...,v—-1} C
{0,1,...,n—1}.

We have u < v, so that u < v —1 (since u and v are integers). Thus, u €
{0,1,...,v—1} (since u is a nonnegative integer). Hence, 0 < u < v —1, so that
0€{0,1,...,v—1}.

Let Sbe theset {0 (i), f1 (i),...,f* 1 (i)}. Fromu € {0,1,...,v — 1}, we obtain
f” e {f°(%) f1 (i),....f°" 1()} = S. From 0 € {0,1,...,v—1}, we obtain

E{fo )...,f”lz} S.
Now,
f(s)es for every s € S (25)

i

12P;’oofof: Lets € S.
We have s € S = {f0(i),f1(i),...,f° 1 (i)}. In other words, s = f" (i) for some h €
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Now, we can easily see that

fk (i)e S for every k € IN (26)

On the other hand,

S={Gf @), T =) | sef01,.,0-1})
C{f°@i) | s€{0,1,...,n—1}} (since {0,1,...,v—1} C{0,1,...,n—1}).

Hence, for every k € IN, we have

ffi)es (by 26))
C{f6) | se{01,...,n—1}}.

This proves Proposition O

Proof of Proposition =—: Assume that "1 (i) = n. Thus, there exists some
k € N such that f* (i) = n (namely, k = n — 1). This proves the = direction of
Proposition

<=: Assume that there exists some k € IN such that f* (i) = n. Consider this k.
We must show that f"~1 (i) = n.

We have n = fX(i) € {f°(i) | s€{0,1,...,n—1}} (by Proposition 3.3). In
other words, n = f* (i) for some s € {0,1,...,n —1}. Consider this s.

{0,1,...,v—1}. Consider this h. Thus, f S| = f (fh (z)) = i1 ().
=f"(i)

We want to prove that f (s) € S. We are in one of the following two cases:

Case 1: We have h = v — 1.

Case 2: We have h # v — 1.

Let us first consider Case 1. In this case, we have h = v — 1. Hence, h +1 = v. Now, f (s)
i1 (i) = 7 (i) (since h + 1 = v). Compared with f* (i) = f° (i), this yields f (s) = f* (i) €
Hence, f (s) € S is proven in Case 1.

Let us now consider Case 2. In this case, we have h # v — 1. Combined with h €
{0,1,...,v—1}, this yields h € {0,1,...,v—1}\{v—1} = {0,1,...,(v—1) —1}, so that
h+1¢€ {0,1,...,0—1}. Thus, fi*1(i) € {f°®i),f (i),....,f*"L(i)} = S. Hence, f(s) =
f"*1(i) € S. Thus, f (s) € S is proven in Case 2.

We have now proven f (s) € S in each of the two Cases 1 and 2. Thus, f (s) € S always holds.
This proves (25).

13Proof of : We shall prove by induction over k:

Induction base: We have fU (i) € S. In other words, (26) holds for k = 0. This completes the
induction base.

Induction step: Let K € IN. Assume that holds for k = K. We must prove that (26) holds
fork =K+1.

We have assumed that holds for k = K. In other words, fX (i) € S. Thus, (25) (applied to
s = fK(i)) yields f (fX (i)) € S. Thus, fX*1 (i) = f (fX (i)) € S. In other words, (26) holds for
k = K+ 1. This completes the induction step. Hence, is proven by induction.

S.
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We have f* (i) = n. Using this fact (and the fact that f (n) = n), we can prove (by
induction over h) that

')y =n for every integer 1 > s. (27)

But s € {0,1,...,n—1}, so that s < n —1 and therefore n —1 > s. Hence,
(applied to h = n — 1) yields f"~! (i) = n. This proves the <= direction of
Proposition [3.4] O

Proof of Proposition[3.5] <=: Assume that f"~1({1,2,...,n}) = {n}. For every i €
{1,2,...,n}, we have

e L2 ) = {n)
€{1,2,...n}

and thus f"~! (i) = n. Hence, for every i € {1,2,...,n— 1}, there exists some
k € N such that f¥(i) = n (namely, k = n —1). In other words, the map f is
n-potent. This proves the <= direction of Proposition

—>: Assume that the map f is n-potent. Leti € {1,2,...,n —1}. Then, there
exists some k € IN such that f* (i) = n (since f is n-potent). Thus, f*~! (i) = n (by
the <= direction of Proposition [3.4).

Now, forget that we fixed i. We thus have shown that f"~! (i) = n for each
ie€{1,2,...,n}. Hence,

(PP, 7@ T ) ) = {@n} — {n}.

Thus, "1 ({1,2,...,n}) = {f"1(1),f"1(2),...,f"" 1 (n)} = {n}. This proves
the = direction of Proposition O

Proof of Corollary We are in one of the following two cases:
Case 1: We have "1 (i) = n.
Case 2: We have f"~1 (i) # n.
Let us consider Case 1 first. In this case, we have f"~! (i) = n. Thus, ¢ fr-1(iyn = 1.

But f* (i) = f | f"" 1 (i) | = f(n) = n, so that Opn(iyn = 1. Hence, 6pnryy ,, =1 =
——r !

=n
O ¢n(i),n- Thus, Corollary [3.6]is proven in Case 1.
Let us now consider Case 2. In this case, we have f"~1 (i) # n. Thus, Ofn1(i)n =

0. On the other hand, we have f" (i) # n E Hence, 6¢n(;),, = 0. Hence,
Sgn1(jyn = 0 = Opn(j) n- Thus, Corollary [3.6is proven in Case 2.

14proof. Assume the contrary. Thus, " (i) = n. Hence, there exists some k € N such that f* (i) = n
(namely, k = n). Thus, f*~! (i) = n (according to the <= direction of Proposition (3.4). This
contradicts f"~! (i) # n. This contradiction proves that our assumption was wrong, qed.
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Now, we have proven Corollary in each of the two Cases 1 and 2. Hence,

Corollary [3.6| always holds. O
m
Proof of Lemma The definition of det A yieldsdet A = Y (=1)7 [ a;4(;) (since
oESy, i=1

). On the other hand, the definition of det ((biai,]-)

A= <airf)1§i§m, 1<j<m 1<i<m, 1§j§m>

yields

det ((biai,j)1§i§m, 1§j§m) - Z (=17 H <biai"7(i))

UGSm i=1 i=1
m m m
= Hbl Z (—1)‘71—[111-,0(1) = Hbl det A.
i=1 0ESH i=1 i=1
—det A
This proves Lemma [3.14 O
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