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Abstract. Let A be the group algebra k[S,]| of the n-th symmetric
group S, over a commutative ring k. For any two subsets A and B of
[n], we define the elements

VB,A = Z w and 63/14 = Z w
wWESy; wWESy;
w(A)=B w(A)CB
of A. We study these elements, showing in particular that their mini-
mal polynomials factor into linear factors (with integer coefficients). We
express the product Vp Vg 4 as a Z-linear combination of Vi y’s.
More generally, for any two set compositions (i.e., ordered set parti-
tions) A and B of {1,2,...,n}, we define Vg € A to be the sum of
all permutations w € S, that send each block of A to the corresponding
block of B. This generalizes Vp 4. The factorization property of mini-
mal polynomials does not extend to the Vg o, but we describe the ideal
spanned by the Vg o and its complement.

In this note, we explore some easily definable elements in the group algebra of a
symmetric group.
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1. Rook sums in the symmetric group algebra

1.1. Definitions

Let n be a nonnegative integer. Let [n] := {1,2,...,n}.
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Fix a commutative ring k.

Let S, be the n-th symmetric group, and let A := k [S,] be its group algebra over
k.

The antipode of the group algebra A is the k-linear map A — A that sends each
permutation w € S,, to w~!. We will denote this map by S. It is well-known that S
is a k-algebra anti-automorphism and an involution (i.e., satisfies S o S = id).

For any two subsets A and B of [n], we define the elements

vB,A = ZS w and VB,A = ZS w
wWESy, weSy;
w(A)=B w(A)CB

of A. We shall refer to these elements as rectangular rook sums.
The following proposition collects some easy properties of these elements:

Proposition 1.1.1. Let A and B be two subsets of [n]. Then:
(@) We have vB,A =0 if |A| # |B|
(b) We have Vg 4 = 0if |A| > |B|.

(c) Wehave Vga= ¥ Vya.
VCB;
VI=|A|

(d) We have VB,A = v[n}\B, [n]\A-
(e) If |A| = |B|, then V3 4 = Vp 4.
(f) The antipode S satisfies S (Vg 4) = V4.

(g) The antipode S satisfies S (63, A) = Vu\4, [1]\B-

Proposition (c) shows that the elements Vg 4 and \Y, B,A have the same span
as B and A range over the subsets of [1], or even as B ranges over all subsets of [n]
while A is fixed.

You might wonder: What is this span? What is its dimension? This will be
answered later (Corollary [2.6.1).

1.2. The product rule

What is more interesting is that the span of the Vg 4 is a nonunital k-subalgebra
of A. It has an explicit multiplication rule, which we shall state after a quick
definition:
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Definition 1.2.1. For any two subsets B and C of [n], we define the positive
integer
wpc:=|BNC|!-|B\C|!-|C\B|!-|[n]\ (BUC)|! € Z.

Theorem 1.2.2. Let A,B,C,D be four subsets of [n] such that |A| = |B| and
|C| = |D|. Then,

- U]
Vp,cVBa = wgc (_1)\u| IBAC] ( Vuy.
= BC]

VCA;
|ul=|v|

Proof idea. We shall first show that

Vp,cVB,a = wpc Y. w. 1)
weSy;
lw(A)ND|=|BAC|

[Proof of (I): Each permutation w appearing in the product Vp cVp 4 has the
property that |w (A) ND| = |BNC| (because it can be written as w = uv with

u(C) = D and v(A) = B, and therefore we have w(A) N D =u (z@) N

=u(v(A)) =u(C) =B

u(C) =u(B)Nu(C) = u(BNC), so that |w (A)ND| = |[BNC|). It remains to
show that each w with this property appears exactly wg ¢ times in this product. In
other words, given a permutation w € S, satisty |w (A) N D| = |BNC|, we must
show that there are exactly wp  ways to decompose w as w = uv with u (C) = D
and v (A) = B. But this is an exercise in counting: We want to count the permu-
tations v € Sy, satisfying v (A) = B and (wv™!) (C) = D. Such a permutation v
must send A to B and send w! (D) to C. In other words, it must send the four
subsets ANw™1 (D), A\w™ (D), w1 (D)\ Aand [n]\ (AUw™! (D)) to the re-
spectively equinumerous subsets BNC, B\ C, C\ B and [n] \ (B U C), respectively.
The number of ways to do this is

BACI!- B\ CJt-C\ B!+ |[n] \ (BUC),

which is exactly wp c. Thus, the proof of (1)) is complete.]

In view of (1), it only remains to show that

v w= Y (—1)lul-1BnC (|B|g|c|)VU/V-

wESy; ucpo,
|w(A)ND|=|BNC] VCA;
|uj=|v
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After expanding the right hand side as a sum of permutations, we can compare
coefficients of a given coefficient w € S, on both sides of this equality. That is, we
must now prove that

1, if [w(A)ND|=|BNC|; _ 3 (_1)u—BmC|< U] )
0, else UCD |BNC]|
VCA.
\uj=|v|;
w(V)=U

for each permutation w € S;,. This is fairly easy: We have

Y (—p)lulEnc (]B@Q)Z Y (—p)lullEne (\B|g|C|)

UcCD, UCw(A)ND
VCA;

\u|=[vy;

w(V)=U

(since the set V is uniquely determined by U via w (V) = U, and is a subset of A if
and only if we have U C w (A) N D), and it remains to recall the easy combinatorial

identity
Ucy k 0, else
that holds for any finite set Z and any k € IN. O

We can restate Theorem as follows:

Theorem 1.2.3. Let A, B,C, D be four subsets of [n] such that |A| = |B| and
|C| = |D|. Then,

_ V|
Vp,cVea=wge Y. (1) 'Bﬂq( Vov.
VCA( ) IBNC|
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Proof. Theorem yields

_ u
VocVia—wne ¥ (-1 ()0

UcCD,
VCA;
|u|=|v|

B A\ |V]-IBAC] V| due to the |U| = |V|
— WBC UCZD (=1) (|BﬂC| Vuy condition

VCA;
|ul=[v|

—ane £ 0" () B vy

VCA uco;
\uj=|v]|

:6D v

(by Proposition ()

B wvi-gnc| { V] )~
= Wa,C —1 < VD,V-
B V;A( ) IBNC]|

1.3. The D-filtration

We shall next derive some nilpotency-type consequence from the multiplication

rule.
For the rest of this section, we fix a subset D of [n]. We define

Fi = span{%D,C | CC [n] with |C|] < k}

for each k € Z. Of course, F;, O F—1 2 -+ 2 Fp 2 F_1 = 0. It is easy to see that
Foisspanned by Vp g = Vg o= ) w.

wWESy,

Definition 1.3.1. For any subset C C [n] and any k € IN, we define the integer

_ k
dpck = wg,c (1) IBAC] ( ) €.
Bga; |IBNC|

|B|=k

Now, we note the following;:
Proposition 1.3.2. Let C C [n] satisfy |C| = |D|. Let k € IN. Then,

(Vp,c—dp,ck) Fk € Fi-1.
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Proof. By the definition of Fy, it suffices to show that

(Vp,c—0pck) Vp,a € Fra (2)

for each A C [n] with |A| < k.
To prove this, we fix A C [n] with |A| < k. Then, Proposition () yields

Voa= Y Vva= Y Via 3)
VCD; BCD;
[V|=|A] |B|=|A|

Multiplying this equality by Vp ¢ from the left, we obtain

VbcVpa= Y. VpcVga. (4)
BCD;
|B|=|A]

However, for each subset B C D satisfying |B| = |A|, we can use Theorem [1.2.3]
to obtain

. V| _
Vp,cVea =wpe Y, (—-1)IVITPC ( Vv
- €Fi_1 unless V=A
(since |V|<]A|<k unless V=A)
. Al \e
_ _qylal-isael (] dF -
Wwp,C ( ) |B N C| VD,A mo fk 1 (5)

Recall that |A| < k. Hence, we are in one of the following two cases:

Case 1: We have |A| = k.

Case 2: We have |A| < k.

Let us first consider Case 1. In this case, we have |A| = k. Hence, becomes

VocVpa= Y. VpcVgpa
BCD;
|B|=]A]
_ \al-1Bnc| (1A )~
= wB/C -1 ( VD,A b "
|B|=|A|

B k—|BNC| k = , _
= wpc (—1) ( ) Vb a (since |A| =k)
Py BAC|

\B[=F

J/

-~

=0p,ck

= dp,ckVp,amod Fi_1.

In other words, V chﬁ DA— 5D,C,k6 D,A € Fi—1. In other words, (Vp,c —dp cx) \Y, DA €
Fi_1. Hence, (2) is proved in Case 1.
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Let us now consider Case 2. In this case, we have |A| < k. Hence, |A| < k-1,
so that Vp 4 € Fr_1. Now, (4) becomes

VocVpa= Y. VpcVpa

BCD;
|B|=|A|
- Al g
= wp,C (—1)|A‘ BﬂC|< VD,A (b (5)
Bg); BNC| v 6)
|B|=|A|
€ Fr <since 613,,4 € fk,1> .

Combining this with 5D,C,k% D,A € Fi_1 (since \Y, D,A € Fk—1), we obtain V chﬁ DA~
5chlk6D,A € Fi—1. In other words, (Vpc —5chlk)6D,A € Fr_1. Hence, is
proved in Case 2.

We have now proved (2) in both Cases 1 and 2. Thus, always holds, and

Proposition is proved. O

Definition 1.3.3. Let & = (ac)ccy); |c|=|p| be @ family of scalars in k indexed by
the |D|-element subsets of [1]. Then, we set

VD,a = Z lXcVD,C e A.
CCln];

|C|=|D
Furthermore, for each k € IN, we set

Spak = Y. acdpck €k
CClnj;
|C|=|D|

Proposition 1.3.4. Let &« = (ac)ccy); |c|=|p| Pe a family of scalars in k indexed
by the |D|-element subsets of [n]. Let k € IN. Then,

(Vb — pwi) Fie © Fi—1-

Proof. Proposition(1.3.2|yields (Vp c — 0p cx) Fk € Fi_1 for each C C [n] satisfying
|C| = |D|. Multiply this relation by ac and sum up over all C C [n] satisfying
|C| = |D|. The result is Proposition[1.3.4] O
Proposition 1.3.5. Let &« = (ac)ccy); |c|=|p| Pe @ family of scalars in k indexed
by the |D|-element subsets of [n]. Then, for each integer m > —1, we have

(ﬁ (VD — 5D,4x,k)> Fm =0.

k=0
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Proof. Induction on m. The base case is obvious, since F_1 = 0. The induction step

uses Proposition O

1.4. The triangularity theorem
We can now state our main theorem (still using Definition [1.3.3)):

Theorem 1.4.1. Let « = (&c)ccy); = |p| Pe @ family of scalars in k indexed by
the |D|-element subsets of [n]. Then,

|D|
(H (Vpa — 5D,zx,k)> Vpu =0.
k=0

Proof. For each subset C of [n] satisfying |C| = |D|, we have Vpc = Vpc (by
Proposition [1.1.1{ (e)) and thus Vpc = Vpc € Fic| = Fp (since |C| = |D|). Thus,
Vpa € F ID| as well (since Vp , is a k-linear combination of such Vp ¢’s). However,
Proposition [1.3.5] (applied to m = |D|) yields

D
(H (VD,a - 5D,a,k)> ~7:|D| =0.

k=0
Combine these two facts, and conclude. ]

Using the antipode S of A, we can obtain a reflected version of Theorem [1.4.T}

Theorem 1.4.2. Let « = (&c)ccy); (c|=|p| Pe @ family of scalars in k indexed by
the |D|-element subsets of [n]. Set

Vaup i= Z OCCVC,D e A
CC[n];
ICI=ID|

Then,

D]
(H (V“,D - 5D,zx,k)> V,x,D =0.

k=0

Proof. The antipode S is a k-algebra anti-homomorphism, and sends Vp , to V, p
(since it sends Vpc to V¢ p for each C). Thus, Theorem follows easily by
applying the antipode to Theorem (Note that we don’t have to reverse the
order of factors in the product, since all these factors commute with each other.) [J
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Corollary 1.4.3. Let B and D be two subsets of [n]. For each k € IN, we set

éppki= Y, Opck€Z.

Then,

(12[ <€B,D - 5D,B,k>) Vg,p = 0.

k=0

Proof. Define a family a« = («¢) ccn); |c|=|p| of scalars in k by setting

o C B
c= {1’ ifCcB for each C C [n].

0, fCZB
Then, Proposition (c) yields

Vep= Y, Vvp= Y, avVyp=Vap,
VCB; VCln];
|V|=[D| \V|=|D|
where V,, p is defined as in Theorem Hence, Corollary [1.4.3| yields Theorem
once we realize that the Jp , , from Theorem [1.4.2}is precisely the p pr. [

Corollary shows that the element V p has a minimal polynomial that fac-
tors entirely into linear factors. Moreover, there are at most |D| + 2 factors, and one
of them is X or else there are at most |D| + 1 of them.

I Question 1.4.4. Can we simplify the formula for ESVD,B,k ?

1.5. A table of minimal polynomials

For any subsets A and B of [n], we let k4 p be the sum (in Z [S,]) of all permutations
w € Sy that satisfy w (A) "B = o (thatis, w (a) ¢ B for all a € A). Then, k4 p is
simply ﬁ[n]\ B, A- Thus, Corollary [1.4.3 shows that the element x4 g has a minimal
polynomial that factors into at most |A| + 2 factors. Note that these factors will
sometimes have multiplicities (e.g., the case of n = 6 and 4 = 3 and b = 2 and
c=1).

Let us collect a table of these minimal polynomials. We observe that the minimal
polynomial of kg 4 depends only on the three numbers a := |A|, b := |B| and
¢ := |AN B| (since any two pairs (A, B) that agree in these three numbers can be
obtained from each other by the action of some permutation ¢ € S;, and therefore
the corresponding elements xp 4 are conjugate to each other in A). Hence, we can
rename Kp 4 as K, p -

Darij Grinberg



Rook sums in the symmetric group algebra page 10

We also note that x,, . = 0if c >aorb > aora-+b > n. Hence, we only need
to consider the cases a,b € [0,n] anda+b <mnandc € [0 min {a,b}].

Moreover, kg 4 is the antipode of x4 p (by Proposmon 1/(g)), and the antipode
preserves minimal polynomials. Thus, we only need to cons1der the case a < b.

This being said, here is a table of minpols (= minimal polynomials) of x,; s
produced by SageMath:

Letn = 1.
For b = 0, the minpol is x — 1.

Letn =2.

For b = 0, the minpol is (x — 2)x.
Fora=1and b =1 and ¢ = 0, the minpol is x — 1.

Fora =1and b =1 and ¢ = 1, the minpol is (x —1)(x +1).

Letn = 3.
For b = 0, the minpol is (x — 6)x.

Fora =1and b =1 and ¢ = 0, the minpol is (x —4)(x — 1)x
Fora =1and b =1 and ¢ = 1, the minpol is (x —4)x(x +2)
Fora =2and b =1 and ¢ = 0, the minpol is (x —2)x.

Fora =2and b =1 and ¢ = 1, the minpol is (x —2)x(x + 1)

Letn = 4.
For b = 0, the minpol is (x — 24)x.
Fora =1and b =1 and ¢ = 0, the minpol is (x — 18)(x — 2)x.
Fora =1and b =1 and ¢ = 1, the minpol is (x — 18)x(x + 6)
Fora =2and b =1 and ¢ = 0, the minpol is (x — 12)(x — 4)x.
Fora =2and b =1 and ¢ = 1, the minpol is (x — 12)x(x + 4).
Fora =3 and b =1 and ¢ = 0, the minpol is (x — 6)x.
Fora =3 and b =1 and ¢ = 1, the minpol is (x — 6)x(x + 2).
Fora =2 and b = 2 and ¢ = 0, the minpol is (x — 4)x.
(x —4) (x +2)x?
(x — 4)x(x + 4).

Fora =2 and b = 2 and ¢ = 1, the minpol is
Fora =2 and b = 2 and ¢ = 2, the minpol is

Letn = 5.
For b = 0, the minpol is (x — 120)x.

Fora =1and b =1 and ¢ = 0, the minpol is (x —96)(x — 6)x.
Fora =1and b =1 and ¢ = 1, the minpol is (x — 96)x(x + 24).
(x —12)x.

Fora =2and b =1 and ¢ = 1, the minpol is (x — 72)x(x + 18).

( )
( )
Fora =2and b =1 and ¢ = 0, the minpol is (x —72)
( )
Fora =3 and b = 1 and ¢ = 0, the minpol is (x — 48)(x — 18)x.
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Fora =3 and b =1 and ¢ = 1, the minpol is (x — 48)x(x + 12).

Fora =4 and b =1 and ¢ = 0, the minpol is (x — 24)x.

Fora =4and b =1 and ¢ = 1, the minpol is (x —24)x(x +6).

Fora =2 and b = 2 and ¢ = 0, the minpol is (x — 36)(x — 16)(x — 4)x.
Fora =2 and b =2 and ¢ = 1, the minpol is (x — 36)x(x +4).

Fora =2 and b = 2 and ¢ = 2, the minpol is (x — 36)(x — 12)x(x + 24).
For a =3 and b = 2 and ¢ = 0, the minpol is (x — 12)x.

Fora =3 and b = 2 and ¢ = 1, the minpol is (x — 12)(x — )x( 4).
For a =3 and b = 2 and ¢ = 2, the minpol is (x — 12)(x — .

Fora =2 and b = 2 and ¢ = 2, the minpol is (x — 288
Fora =3 and b = 2 and ¢ = 0, the minpol is (x — 144
Fora =3 and b = 2 and ¢ = 1, the minpol is (x — 144
Fora =3 and b = 2 and ¢ = 2, the minpol is (x — 144
For a =4 and b = 2 and ¢ = 0, the minpol is (x — 48)x.

(x +36).
— 48)x(x + 144).
—72)(x —24)x.
x +16)x2.

x —24)x(x +72).

Letn = 6.
For b = 0, the minpol is (x — 720)x.
Fora =1and b =1 and ¢ = 0, the minpol is (x — 600)(x — 24)x.
Fora =1and b =1 and ¢ = 1, the minpol is (x — 600)x(x + 120).
Fora =2 and b =1 and ¢ = 0, the minpol is (x — 480)(x — 48)x.
Fora =2 and b =1 and ¢ = 1, the minpol is (x — 480)x(x + 96).
Fora =3 and b =1 and ¢ = 0, the minpol is (x —360)(x — 72)x.
For a =3 and b =1 and ¢ = 1, the minpol is (x — 360)x(x + 72).
Fora =4 and b =1 and ¢ = 0, the minpol is (x —240)(x — 96)x.
Fora =4 and b =1 and ¢ = 1, the minpol is (x — 240)x(x + 48).
Fora =5 and b = 1 and ¢ = 0, the minpol is (x — 120)x.
Fora =5and b =1 and ¢ = 1, the minpol is (x — 120)x(x + 24).
For a =2 and b = 2 and ¢ = 0, the minpol is (x —288)(x —72)(x — 8)x.

Jx(x +12)

)

)

)

)

(
(
(
(

Fora =4 and b = 2 and ¢ = 1, the minpol is (x —48)(x — 12)x(x + 12).

For a =4 and b = 2 and ¢ = 2, the minpol is (x — 48)(x — 8)x(x + 24).

For a = 3 and b = 3 and ¢ = 0, the minpol is (x — 36)x.

Fora =3 and b = 3 and ¢ = 1, the minpol is (x — 36)

For a = 3 and b = 3 and ¢ = 2, the minpol is (x — 36)
)x

For a =3 and b = 3 and ¢ = 3, the minpol is (x — 36

(x — 12)x(x + 4) (x + 12).
(x — 12)x(x + 4)(x + 12).

(
(
(
(
(
(
(
(
(
E
For a =2 and b = 2 and ¢ = 1, the minpol is (x — 288
(
(
(
(
(
(
(
(
(
(
( (x +36).

1.6. Aside: The formal Nabla-algebra

We take a tangent and address a question that is suggested by Theorem but
takes us out of the symmetric group algebra .A. Namely, let us see what happens if
we take the multiplication rule in Theorem literally while forgetting what the
V3,4 are.
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Theorem 1.6.1. For any two subsets A and B of [n] satisfying | A| = |B|, introduce

n 2
a formal symbol Ag 4. Thus, we have introduced altogether } (Z) = ( :)
k=0
symbols Ap 4. Let D be the free k-module with basis (AB,A)A,Bg[n] with [A|=|B|

Define a multiplication on D by

- \uj
ApcApa = wpc (—1)UI=IBNC] ( Ayy.
Py BAC|

VCA;
\u|=|v|

(Recall Definition which defines the wg ¢ here.) Then, D becomes a nonuni-
tal k-algebra.

Proof omitted due to excessive ugliness.

Question 1.6.2. The above proof idea is clearly in bad taste. There should be a
more conceptual proof that identifies D as some existing (nonunital) k-algebra

2
(what nonunital k-algebra has dimension (:) over k ?) or at least with a

subquotient of a such.

Example 1.6.3. Let n = 1. Then, the k-module D in Theorem has basis
(u,0) with u = Ay s and v = Ay 1. The multiplication on D defined ibidem
is given by

UU = Uv = v = U, U = 0.

Thus, the nonunital k-algebra D is isomorphic to the k-algebra k [x] / (x* — x),

and therefore has a unity (namely, v).

Example 1.6.4. Let n = 2. Then, the k-module D in Theorem has basis
(u,011,012,021,022,w) with u = A@,@ and Ui]' = A{z},{]} and w = A[2],[2]' The
multiplication on D defined ibidem is given by

U = uw = wu = 2u, uvjj = vjjil = U,
VicUpa = U — Vygy if b #c;
UdcUpa = Uda ifb=c,
Vjjw = U1 + Ui, Wojj = U1j + Vyj,
ww = 2w.

This nonunital k-algebra D has a unity if and only if 2 is invertible in k. This

unity is 1 (v11 + V22 — V12 — Vo1 + 2W).

Darij Grinberg
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Question 1.6.5. Does the k-algebra D in Theorem have a unity if n! is
invertible in k ? (I suspect that the answer is “yes”.)

1.7. Other rook sums?

Encouraged by the above results, we can define an element

VT = 2 w

wWESy;
(i,w(i))€T for each i€[n]

for any subset T of [n] x [n]. This is the sum of the n-rook placements on the
(arbitrary) board T. It is tempting to conjecture that the minimal polynomial of V
will always factor nicely, but this is not true: If n =5and T = {(i,j) | j #i+1},
then the minimal polynomial of Vr has irreducible factors of degrees 1, 4, 5 and 6
(over Q).

Of course, some boards do behave nicely: If T = {(i,j) € [n] x [n] | i # j}, then
Vr is the sum of all derangements in S,, thus a central element of Z [S,], and
hence the minimal polynomial of V1 factors (since the center of Q [S,] is split
semisimple).

2. Row-to-row sums in the symmetric group algebra

2.1. Definitions

As we recall, 1 is a nonnegative integer and k a commutative ring. We work in the
group algebra A = k [S,] of the symmetric group S,,.

A set decomposition of a set U shall mean a tuple (U, Uy, ..., Uy) of disjoint sub-
sets of U such that Uy UUp U ---U U = U. The subsets U, Uy, ..., U, are called
the blocks of this set decomposition (Uy, Uy, ..., Uy). The number k of these blocks
is called the length of this set decomposition. The length of a set decomposition U
is called ¢ (U).

A set composition of a set U shall mean a set decomposition of U whose blocks
are all nonempty. Clearly, any set decomposition of U can be transformed into a
set composition of U by removing all empty blocks.

Let SC (n) denote the set of all set compositions of [n].

If A = (A1,Ay,...,Ax) and B = (By, By, ..., By) are two set decompositions of
[n] having the same length, then we define the element

VB = Y. w of A.

wWESy;
w(A;)=B; for all i

This will be called a row-to-row sum. We observe some easy properties:

Darij Grinberg
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Proposition 2.1.1. Let A = (A1, Ay, ..., Ayx) and B = (By, By, ..., Bi) be two set
decompositions of [n] having the same length. Then:

(@) We have Vg o = 0 unless each i € [k] satisfies |A;| = |B;|.

(b) The element Vg o does not change if we permute the blocks of A and the
blocks of B using the same permutation. In other words, for any permuta-

tion o € Sy, we have Vg A = Vs ac, Where Ao := (Aa(l), AU(Z),. e Ag(k))
and Bo .= (Ba(l)/ Ba(z), ey B(T(k)) .

(c) The element V 5 does not change if we remove empty blocks from A and
from B, provided that these blocks are in the same positions in both A and
B.

(d) The antipode S of A satisfies S (Vpa) = Vas.

Moreover, these row-to-row sums Vg a generalize the rectangular rook sums
V3 4 from Section

Proposition 2.1.2. Let A and B be two subsets of [1]. Define the two set decom-
positions A := (A, [n] \ A) and B := (B, [n] \ B) of [n]. Then, Vg a = V5 4.

Remark 2.1.3. It might be more convenient to rewrite the row-to-row elements
using colorings instead of set (de)compositions. Namely, a coloring of [n] means
amap f : [n] = C to some set C. If C = [k] for some k € IN, then such a coloring
f can be regarded as a set decomposition of [n] of length k, where the i-th block
is f~1 (i) for each i € [k]. The image f (j) of an element j € [n] under a coloring
f i [n] — Cis called the color of j (under f). Now, the row-to-row sum Vg ¢
corresponding to two colorings f and g of [n] is the sum of all permutations
w € S, that satisfy gow = f. (This is a “preservation of colors” condition.)

Remark 2.1.4. Let u € S, be any permutation. Let A be the set com-
position ({1}, {2}, ..., {n}) of [n], and let B be the set composition
{u@)}, {u2)}, ..., {u(n)}) of [n]. Then, Vga = u. Thus, the row-to-row
sums V3 a in general are not as special as their particular cases the rectangular
rook sums Vp 4. In particular, the minimal polynomials of general row-to-row
sums Vp A cannot be factored into linear factors over Z.

This all was easy. Let us now come to deeper facts.

Darij Grinberg



Rook sums in the symmetric group algebra page 15

2.2. The two ideals

For each subset U of [n], we define the element

Vg = y (—1)w e A.
wWESy;
w(i)=i foreall ien)\U

This is called the antisymmetrizer of U. Note that it equals 1 if |U| < 1. Another
way to rephrase the definition of V; is

where S;; denotes the symmetric group on the set U (embedded into S, in the
standard way).

Definition 2.2.1. Let k € IN. We define two k-submodules Z; and Jj of A by
Iy :=span{Vpa | A,B€SC(n) with ¢ (A) =/ (B) <k}
and

Ji = A-span{V[; | Uis a subsetof [n] having size k +1} - A.

Proposition 2.2.2. Let k € IN. Then:

(a) Both Z; and J; are ideals of A.
(b) We have

Ji = A-span{V | Uisasubsetof [n] having size k+ 1}
=span {V[; | Uis a subset of [n] having size k+1} - A.

(c) The antipode S satisfies S (Z) = Zy and S (J) = Ji-
(d) We have

T = span{Vga | A and B are set decompositions of [r]
with ¢/ (A) = ¢(B) < k}.

(e) We have

Jy = A-span{V[; | Uisasubsetof [n] having size >k} - A.
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Proof. (a) Clearly, Jy is an ideal of A. It remains to show that so is Z;. To this
purpose, it suffices to show that

MVB’AU = VMB,U_lA (6)

for any permutations u,v € S, and any set compositions A, B € SC (n) satisfying
¢ (A) = ¢ (B), where the symmetric group S, acts on the set SC (1) by the formula

w(Bl,Bz,...,Bl‘) = (w(Bl), w(Bz), eey w(Bl-)).

But this is easy.

(b) It is easy to see that any permutation w € S, and any subset U of [n] satisfy
wVi = Vi)W (7)
This equality yields

A-span{V; | Uisasubsetof [n] having size k +1}
=span {V[; | Uis a subset of [n] having size k+ 1} - A.

From this, part (b) easily follows.

(0) The equality S (Z;) = Zx follows from Proposition[2.1.1] The equality S (J;) =
Ji follows from the equality S (V{;) = V|;, which holds for each U C [n].

(d) Proposition (c) yields that if A and B are set decompositions of [n] sat-
isfying ¢ (A) = ¢ (B) < k, then the row-to-row sum Vp A can be rewritten as Vp ¢
for two set compositions C, D of [n] satisfying £ (C) = ¢(D) < ¢(A) ={¢(B) <k
(namely, C and D are obtained from A and B by removing all empty blocks). Thus,
7 does not change if we replace the set compositions in the definition of Z by set
decompositions. Hence, part (d) is proved.

(e) Clearly,
Jx € A-span{Vy; | Uis asubsetof [n] having size >k} - A

(since any subset of size k + 1 has size > k). It remains to prove the reverse in-
clusion. Since Jj is an ideal of A4, it suffices to show that V; € J; whenever U
is a subset of [n] having size > k. So let U be a subset of [1] having size > k.
Then, U has a subset V of size k + 1. Consider this V. Now, V; can be written as
Vi = V f for some f € A, since the symmetric group Sy is a subgroup of Sy;.
Consider this f. We have V|, € Jj (by the definition of J, since V is a subset of [r]
having size k + 1) and thus V|, f € J (since J; is an ideal of A). In other words,
Vi € Ji (since V{; = V, f). This proves part (e). ]
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2.3. Annihilators and the bilinear form

If B is any subset of A, then we define the two subsets

LAnmnB:={ac A | ab=0forall b € B} and
RAnnB:={ac A | ba=0forallb € B}

of A. We call them the left annihilator and the right annihilator of B, respectively.
Moreover, we define the k-bilinear form

(,): AxA—=K,

1, ifu=uv
0, ifu#v
This is the standard nondegenerate symmetric bilinear form on A = k [S,] known

from representation theory.
If B is any subset of A4, then we define the subset

which sends the pair (#,v) to { for any two permutations u,v € S,.

Bt:={ac A | (ab)=0forallbc B}

of A. This is called the orthogonal complement of B in A. Note that it does not change
if we replace (a,b) by (b,a) in its definition, since the form (-, -) is symmetric.

Definition 2.3.1. Let k € IN. Let w € S, be a permutation. We say that w
avoids 12 - - - (k4 1) if there exists no (k 4 1)-element subset U of [n] such that
the restriction w |y is increasing (i.e., if there exist no k + 1 elements i1 < ip <
-+ < igyq such that w (i1) < w (i) < -+ < w (ixy1)). We let Av, (k+ 1) denote
the set of all permutations w € S, that avoid 12- - - (k+1).

Note that this notion of “avoiding 12---(k+1)” is taken from the theory of
pattern avoidance.

| Question 2.3.2. Explore the relation between the following and [BaiRai01, §8].

2.4. The main theorem

Theorem 2.4.1. Let k € IN. Then:
(@) We have Z; = jkL = LAnn J; = RAnn J;.
(b) We have J; = IkL = LAnnZ; = RAnnZ,.
(c) The k-module Z; is free of rank |Av,, (k+1)].

(d) The k-module J is free of rank |S, \ Av, (k+1)].
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(e) The k-module A/Zj is free with basis (W) ,cg .\ av,(k+1)- (Here, @ denotes
the projection of w € A onto the quotient A/Zy.)

(f) The k-module A/ J is free with basis (@), Avn(k+1)"

(g) Assume that n! is invertible in k. Then, A = Z; & J; (internal direct sum)
as k-module. Moreover, 7; and Jj are nonunital subalgebras of .4 and
satisfy A = Zj x J as k-algebras.

We note that the ideals Z; and Ji of A have a simple representation-theoretical

interpretation when k is a field of characteristic 0; this is discussed in Proposition
further below.

2.5. Lemmas for the proof of the main theorem

The proof of this will be conveyed via a series of lemmas.
Lemma 2.5.1. Let B be a left ideal of A. Then:

(a) We have B+ = LAnn (S (B)).
(b) If S (B) = B, then B+ = LAnn B = RAnn B.

Proof. Let coeff; : A — k be the map that sends each element of A = k|[S,]
to the coefficient of the identity permutation id in this element. In other words,
coeff; : A — k is the k-linear map that sends the permutation id € S, to 1 while
sending any non-identity permutation w € S, to 0.

It is easy to see that the bilinear form (-, -) can be expressed as follows: For any
a,b € A, we have

(a,b) = coeff; (S (a)b) (8)
= coeff; (bS (a)) )
= coeff; (S (b)a) (10)
= coeff; (aS (D)) . (11)

(@) Let a € LAnn (S (B)). Then, aS(b) = 0 for all b € B. Hence, yields

;6_/
we have shown that LAnn (S (B)) C B*.
Conversely, let ¢ € B~L. Then, (c,b) =0forall b € B. Now, let b € B be arbitrary.

Then, for every w € S,, we have wb € B (since B is a left ideal of A) and therefore

(a,b) = coeff; (aS (b)) = coeff) 0 = 0 for all b € B. In other words, a € B+. Thus,
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{c,wb) = 0 (since c € B*), so that
0 = (c,wb) = coeff; (cS (wb)) (by (1))
= coeffy (¢$ (b) w™") since S (wb) = S (b) S (w) = S (b) w™ !

——
—w-1

(the coefficient of id in ¢S (b) w_1>
= (the coefficient of w in ¢S (b)) .

Since this holds for each w € S,, we thus obtain ¢S (b) = 0. Since this holds
for each b € B, we conclude that ¢ € LAnn (S (B)). Thus, we have shown that
Bt C LAnn (S (B)). Combining this with LAnn (S (B)) C B+, we obtain B+ =
LAnn (S (B)). Thus, Lemma (a) is proved.

(b) Assume that S (B) = B. Then, Lemma (a) yields B+ = LAnn (S (B)) =
LAnn B (since S (B) = B). Furthermore, since the bilinear form (-, -) is S-invariant
(i-e., satisfies (S (a),S (b)) = (a,b) foralla, b € A), we can easily see that (S (B)* =
S (B1). In view of S (B) = B, we can rewrite this as B = S (B+). However, S
is a k-algebra anti-automorphism. Thus, RAnn (S (B)) = S (LAnn B). In view of

S (B) = B, we can rewrite this as RAnn B =S [ LAnn B | = S (B+) = B*. Thus,

=Bl
B+ = RAnn B. Combined with B+ = LAnn B, this completes the proof of Lemma
(b). O

Lemma 2.5.2. Let M be a free k-module with a basis (;),.;. Let ] and K be two
disjoint subsets of I such that JUK = I. Let N/ be a k-submodule of M such
that the quotient module M /N has a basis (7). ;- (Here, as usual, 7 denotes
the projection of any vector m € M onto the quotient M /N.)

Then:

(@) The k-module N is free of rank |K|.

(b) There exists a k-linear projection 7 : M — N (that is, a k-linear map
7 : M — N such that 7t = id).

Proof. For each k € K, the vector 7y € M /N can be written as a k-linear combi-
nation of the family (7;),; (since this family is a basis of M /N). In other words,
there exist coefficients ¢y ; for all k € K and j € | such that each k € K satisfies

iy = ) _ Cy. jiit]. (12)
j€l
Now, let us set
U = My — ch,jmj (13)
j€l
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for each k € K. This element vy belongs to N (since Ty = my — ), Ck,jm; = Ty —
i€l

Y ckjiit; = 0 by ). Thus, (vx)yck is a family of vectors in A. This family is
j€]

easily seen to be k-linearly independent (since the only vector in this family that
contains a given my is vx). Moreover, it spans the k-module N, because any vector
in AV can be reduced (modulo this family) to a k-linear combination of the m j with
j € J, and the latter combination must have zeroes for its coefficients for our vector
to belong to A (since (71;),; is linearly independent in M /N). Thus, the family
(Vk)gek is a basis of V. Therefore, N is free of rank |K|. This proves Lemma [2.5.2]
(@).

(b) Let 7 : M — N be the k-linear map that sends each basis element m; of M
to

v;, ifi ek
0, ifie].

This is well-defined (since (m;),.; is a basis of M, and since each i € I belongs to
exactly one of the sets K and J). It is easy to see that this map 7t sends vy to vy for
each k € K (because applying 7 to the right hand side of (13) kills all m; addends
while sending my to vg). Thus, 71 |y= id (since (vk),cg is a basis of N). Thus, 7 is
a projection. This proves Lemma (b). O

I Lemma 2.5.3. Let k € N. Then, Z; Jx = JZx = 0.
Proof. Let us first show that Z; J; = 0. Indeed, we have
Ty =span{Vga | A,BcSC(n) with¢(A)=1/¢(B) <k}

and
Ji =span{V | Uisasubsetof [n] havingsizek+1}-A

(by Proposition (b)). Thus, in order to prove that Z; J; = 0, it suffices to show
that Vg A V; = 0 for all set compositions A, B € SC (n) satisfying / (A) = £ (B) < k
and all subsets U of [n] having size k + 1. So let us show this. We fix two set
compositions A,B € SC (n) satisfying ¢ (A) = ¢(B) < k and a subset U of [n]
having size k 4 1.

We have ¢ (A) = ¢ (B) < k < k+1 = |U|. In other words, A has fewer blocks
than U has elements. Hence, by the pigeonhole principle, there exist two distinct
elements u and v of U that belong to the same block of A. Pick such u and v. Let
T € Sy be the transposition that swaps u and v. Then, V; = (1 —7) g for some
g € k[Sy] (since () = {1, 7T} is a subgroup of the group Sy;). Consider this 4. But

(6) yields
VB,AT = VB,T_lA = VB,A

Darij Grinberg



Rook sums in the symmetric group algebra page 21

(since T"1A = A (because u and v belong to the same block of A)). Thus,

Vea V; = Vga (1-7) g=0.
=(1-1)q =VBA—VBAT

(since VBAT=V3p,A)

This completes our proof of Z; J; = 0.
It remains to prove that J;Zy = 0. This can be done similarly, but can also be
derived from Z; J; = 0 easily: Since S is an algebra anti-automorphism, we have

S (ijk) = S (jk) S (Ik) = JiZx.

—— ——
=T =T
(by Proposition (c)) (by Proposition (0))

Thus, JiZy = S (I} Jx) = 0 (since Z;J; = 0). The proof of Lemma is thus
complete. N

Lemma 2.5.4. Let k € IN. Then, the quotient module .4/Z; is spanned by the
family (@) yes,\ avy (k+1)-

Proof. It suffices to prove that

U € span <(w)w65n\Avn(k+l)> for each u € S,,. (14)

To prove this, we proceed by induction on u in lexicographic order. Thus, we fix a
permutation v € S;, and we assume (as the induction hypothesis) that holds
for every u < v in lexicographic order. We must now prove for u = v.

If v € Sy \ Avy, (k4 1), then this is trivial. Thus, we WLOG assume that v ¢ S, \
Av, (k+1). Hence, v € Av,, (k+ 1). Therefore, by a variant of the Erdos—Szekeres
theorem, there exists a set decomposition A = (A1, Ay, ..., Ax) of [n] such that all
restrictions v | Ay O | Ags w+es 0 ] A, are decreasing’| Consider this set decomposition
A = (A1, Ay, ..., Ax). Define a further set decomposition B = (By, By, ..., By) of [n]
by

B; :=1v (A)) for each i € [k].

Let us recall how this can be shown: Let v be the sequence (v (1),v(2),...,v(n)). Then, v has
no increasing subsequence of length > k (because v € Av,, (k+1)). Foreachi € {1,2,...,k}, we
let

A;:={j € [n] | the longest increasing subsequence of v
ending with v (j) has length i} .

These k sets A1, Ay, ..., Ay are clearly disjoint, and their union is [n] (since the sequence v
has no increasing subsequence of length > k). In other words, A = (A1, Ay, ..., Ax) is a set
decomposition of [1]. By its definition, it is easy to see that all restrictions v [4,, v |4,, .-, ¥ |4,
are decreasing (because if two elements p < g of A; satisfied v (p) < v(g), then the longest
increasing subsequence of v ending with v (7) would be longer than the one ending with v (p)).
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Thus, v € S, is a permutation satisfying v (A;) = B; for all i. Hence, the row-to-row
sum
VB,A = Z w
WESy;
w(A;)=B; for all i

contains the permutation v as one of its addends. All its remaining addends can be
obtained from v by permuting the values of v on A;, permuting the values of v on
Aj, and so on. Any such permutation decreases v in lexicographic order (because
the restrictions v |4, v |4,, ..., © |a, are decreasing). Thus, all the addends of
VB,a except for v are lexicographically smaller than v. Hence,

VB A = v+ (some permutations w < v).

Therefore,
v = Vpa — (some permutations w < v). (15)

But we have ¢/ (A) = ¢/(B) = k. Hence, Proposition (d) yields Vpa € Z.
Thus, projecting the equality onto the quotient .A/Z, we obtain

o= Vpa — (some permutations w < v)
N~

=0
(since VA €TZy)

= — (some permutations w < v) € span ((w)weSn\Avn(kJrl)) .

(.

~"

GSPan( @)wesn \Avy (k+1) )
(by our induction hypothesis)
In other words, holds for u = v. This completes the induction. Thus, Lemma

is proved. O

Lemma 2.5.5. Let k € IN. Then, the quotient module A/ J is spanned by the
family (w)WEAVH(k-Fl)'

Proof. It suffices to prove that
U € span ((w)weAVn(k-Fl)) for each u € S,,. (16)

To prove this, we proceed by induction on u in reverse lexicographic order. Thus,
we fix a permutation v € S;;, and we assume (as the induction hypothesis) that
holds for every u > v in lexicographic order. We must now prove for u = v.

If v € Avy, (k+ 1), then this is trivial. Thus, we WLOG assume thatv ¢ Av, (k+1).
Hence, v € S, \ Avy, (k4 1). Therefore, there exists a (k + 1)-element subset U of
[n] such that the restriction v | is increasing. Consider this U. Thus, the sum

oV = Z Tw
weS;, agrees with v on
all elements outside of U
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contains the permutation v as one of its addends. All its remaining addends can
be obtained from v by permuting the values of v on U. Any such permutation
increases v in lexicographic order (because the restriction v |; is increasing). Thus,
all the addends of vV ; except for v are lexicographically larger than v. Hence,

vV = v+ (some permutations w > v).

Therefore,
v = vV, £ (some permutations w > v). (17)

But the definition of Jj yields vV ; € Ji. Thus, projecting the equality onto
the quotient A/ J, we obtain

v= oV,  £(some permutations w > v)

=0
(since vV ;€J%)

= — (some permutations w > v) € span <(w)weAvn(k+1)) .

(. J

~

espan( (w) weAvy (k+1) )
(by our induction hypothesis)

In other words, holds for u = v. This completes the induction. Thus, Lemma

is proved. O

Lemma 2.5.6. Let k € IN. Let (ay)
satisfying

weAv, (k+1) € kA2 (k+1) be a family of scalars

Y amew € I
WE AV, (k+1)

Then, ay, = 0 for all w € Av,, (k+1).

Proof. Assume the contrary. Thus, there exist some w € Av, (k+1) such that
ayp 7 0. Let v be the lexicographically smallest such w. Thus, a, # 0, but

ay =0 for every w € S, satisfying w < v. (18)

As in the proof of Lemma we can construct set decompositions A and B of
[n] such that £ (A) = ¢(B) =k and Vg A € Zj and

VB, = v+ (some permutations w < v) (19)

hold. Consider these A and B. From Y KW € IkL and Vpa € Zy, we
weAvy, (k+1)
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conclude that Yy apw, Vp,a ) = 0. Thus,
weAv, (k+1)

0= < Y wmw, vB,A>

weAvy, (k+1)
— Z Ky <w’ VB’A>
N~ —
weAva(k+1) _gif e g

=0 if
(by (18)) by U
=y (v, VBA) =y #0,

N —
=1
(by (9))
which is absurd. This completes the proof of Lemma O

Lemma 2.5.7. Let k € N. Let (aw)yes,\av,(kr1) € KS\AV(k+1) be a family of
scalars satisfying

Z DCu)w G ij_.
weS,\Avy, (k+1)

Then, ayy =0 for all w € S, \ Avy, (k+1).

Proof. Assume the contrary. Thus, there exist some w € S, \ Av,, (k+ 1) such that
ay 7 0. Let v be the lexicographically largest such w. Thus, a, # 0, but

ay =0 for every w € S, satisfying w > v. (20)

As in the proof of Lemma we can construct a (k + 1)-element subset U of
[n] such that vV, € J; and

vV, = v £ (some permutations w > v). (21)

Consider this U. From Yy KW € .,7,} and vV ; € Ji, we conclude that
weSy\Av, (k+1)

< Y KW, UV&> = 0. Thus,

weS, \Avy, (k+1)

0= < ) W, vVu>

WES\Avy (k+1)

= L s (wovy)
WESH\AVR(k+1) _( if >0 =0if w<v
by @) oy 1)

=y (v, VV) = ay #£0,
——

(by €D)
which is absurd. This completes the proof of Lemma [2.5.7 O
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Lemma 2.5.8. Let k € IN. Then, the k-module A/Z; is free with basis
(W) wes,\ Avn (k1)

Proof. The family (@),eg,\av, (k+1) Spans this k-module A/Z, as we know from
Lemma It remains to prove that it is k-linearly independent.
Let (4w)yes,\av, (k1) € KkS\AVn(k+1) be a family of scalars satisfying

weSy\Avy (k+1)

We thus need to show that a, = 0 for all w € S, \ Avy, (k+1).

However, (22) means that Yy apw € Iy. But Lemma(2.5.3)yields 7y J; =
weS, \Avy, (k+1)

0. Thus, Z; € LAnn J;. However, Proposition 2.2.2] () yields S (J) = Ji. Further-
more, Jy is an ideal of A (by Proposition 2.2.2] (a)). Thus, Lemma (b) (applied
to B = J) yields J.- = LAnn (J;) = RAnn (Ji). Thus,

apw € I C LAnn J; = jkL.
weSy\Avy (k+1)

Lemma thus yields that a;,, = 0 for all w € S, \ Avy, (k+ 1). This completes
the proof of Lemma [2.5.§ O

Lemma 2.5.9. Let k € IN. Then, the k-module A/J; is free with basis
(W) we Avy (k1)

Proof. Analogous to the proof of Lemma (Of course, use Lemma and
Lemma [2.5.6 instead of Lemma and Lemma now.) O

Lemma 2.5.10. Let k € IN. Then,

I, = jkL = LAnn J;, = RAnn J;.

Proof. Proposition (o) yields S (Jx) = Ji. Furthermore, J; is an ideal of

A (by Proposition (@)). Thus, Lemma (b) (applied to B = Jj) yields
jkL = LAnn J; = RAnn J;. Thus, it remains to prove that 7, = jkL.

Lemma yields Z; Jx = 0. Thus, Z; € LAnn J; = jkL. Thus, we only need
to show that JkL C 7;.

Let a € J-. We must prove that a € Z;.

Lemma shows that the quotient module A/Z; is spanned by the family
(W) wes,\Ava(k+1)- Hence, the projection @ € A/Z can be written as a k-linear
combination of this family. In other words, we can write a as

a= Y. Ay T0 (23)

weSy\Avy, (k+1)
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for some family (ww)yes,\ av, (k1) € KS\AVn(k+1) of scalars. Consider this family.
We can rewrite as

a— Z apw € Iy C T
weSy\Avy (k+1)
Since a € jkl, this yields Yy KW € jkL. By Lemma 2.5.7, we thus
weS, \Avy, (k+1)
conclude that ay, = 0 for all w € S, \ Avy, (k+1). Thus, rewrites as 4 =
Y 0w = 0, so that a € Zy. This completes our proof of Lemma[2.5.10, [

weS,; \Av, (k+1)
Lemma 2.5.11. Let k € IN. Then,

Ji = I = LAnnZ; = RAnnZ,.

Proof. Analogous to the proof of Lemma 2.5.10, (Of course, use Lemma and
Lemma instead of Lemma and Lemma now.) O

Lemma 2.5.12. Assume that n! is invertible in k. Let A and B be two disjoint
subsets of S, such that AUB = S,,. Let Z and J be two ideals of A such that
7 = LAnnJ and J = LAnnZ. Assume that the family (w),., is a basis of
the k-module A/Z, and that the family (w),,.p is a basis of the k-module A/ J.
Then, A = 7 & J (internal direct sum) as k-module. Moreover, Z and J are
nonunital subalgebras of A and satisfy A = 7 x J as k-algebras.

Proof. From Z = LAnn J, we obtain ZJ = 0. Similarly, JZ = 0.

Lemma (b) (applied to M = Aand N =Zand I = S, and ] = A and
K = B) yields that there exists a k-linear projection 7 : A — Z (that is, a k-linear
map 7 : A — T such that 7 |7= id). Consider this 7.

Note that Z is an ideal of A, thus a left ideal of A, hence a left A-submodule of
A. Moreover, |S,| = n!is invertible in k. Hence, the standard proof of the Maschke
theorem (via averaging the projection 7 over S;) yields that there exists a k-linear
projection 77’ : A — Z that is a left A-module homomorphismP} Consider this 7'.

Lete:= 77/ (1) € Z. Then, we claim that

ue =1u for each u € 7. (24)

[Proof of 24): Let u € Z. Then, 7/ (u) = u (since 7’ is a projection). However,
7’ is a left A-module homomorphism. Thus, 77/ (u1) = u7n’ (1) = ue, so that
——

ue = 7’ ( ul ) = 7’ (u) = u. This proves .]
=u

2Explicitly, 7t can be constructed as follows:

7' (a) = |Sln Y on (0'_111) for each a € A.

| ocES,
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Clearly, 7 is a nonunital subalgebra of A (since Z is an ideal of .A). From (24),
we see that this algebra Z has a right unity (namely, e). A similar argument (using
right instead of left . A-modules) yields that 7 has a left unity. Thus, a standard
argument shows that Z has a unity (since any associative operation that has a left
neutral element and a right neutral element has a neutral element). In other words,
7 is a unital algebra (although its unity is not that of .A). Let 17 denote its unity.

Set ¢ :=1—17. Then, each u € 7 satisfies

gu=_1-1)u=u— 1lzu =u—u=0
<~
=u
(since 17 is the
unity of Z)

In other words, ¢ € LAnnZ = J. Moreover, each v € J satisfies 170 = 0 (since
17 v €ZJ =0)and thus
ez €J

v=(1—-17)v=v— 170 = 0.
g ( 7) T
=1-17 =0

Hence, g is a left unity of the algebra [J (since g € J). A similar computation
shows that g is a right unity of 7. Hence, g is a unity of 7. We shall thus rename
g as 17 now.

Moreover, each u € 7 N J satisfies

u= _u,_ 1y (sinceueINJ C J)

cINJCT eJ
€elJ =0

and thus u = 0. In other words, Z N J = 0. Furthermore, each a € A satisfies

a=1za+ (1—-17)a = 17a + 17a cl+J.
——— ~~ S~~~
=g=17 ) S €
(since Z is an ideal  (since 7 is an ideal

and 17€7) and 17€7)

This shows that Z 4+ J = A. Combining this with ZN J = 0, we conclude that
A =7 & J (internal direct sum) as k-module.

Recalling further that ZJ = JZ = 0, we conclude that A = 7 x J as k-algebras
(via the isomorphism that sends (i,j) € Z x J to i+ j € A). Thus, the proof of

Lemma [2.5.12]is complete. O]

2.6. Proof of the main theorem

Proof of Theorem (a) This is just Lemma 2.5.10
(b) This is just Lemma [2.5.11
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(c) Lemma yields that the k-module A/Z is free with basis () ¢\ av, (k+1)-
Hence, Lemma (@) (applied to M = Aand N = Zy and I = S, and
J] =Sy \Av, (k+1) and K = Av, (k+ 1)) yields that the k-module Z; is free of
rank |Av, (k + 1)|. This proves Theorem (c).

(d) This is proved similarly to part (c), but using Lemma instead of Lemma
2.5.8

() This is just Lemma [2.5.8|

(f) This is just Lemma

(g) Proposition (@) yields that both Z; and J; are ideals of A. Theo-
rem 2.4.1] (a) yields Zy = LAnnJ;. Theorem (b) yields J, = LAnnZ,.
Clearly, S, \ Av,, (k+1) and Av, (k+ 1) are two disjoint subsets of S, such that
(Sn\Avy, (k+1)) UAv, (k+1) = S,. Theorem 2.4.1| (e) says that the k-module
A/ T} is free with basis (W), Sa\Avy(k+1)- Theorem 2.4.1/(f) says that the k-module

A/ Jy is free with basis (@) ¢ oy, (k41)- Hence, Lemma (applied to A = S, \
Av, (k+1)and B = Avy, (k+1) and Z = Z; and J = Jj) yields that A = Z; & J;
(internal direct sum) as k-module, and moreover, Z; and J} are nonunital subal-
gebras of A and satisfy A = T x Ji as k-algebras. This proves Theorem [2.4.1]
(g). O

Corollary 2.6.1. We have
I, =span{Vpa | A,BC [n]}. (25)

Moreover, the k-module 7 is free of rank |Av,, (3)|, which is the Catalan number
Cn-

Proof. The equality follows from the definition of 7, using Proposition 2.1.2]
The “Moreover” claim follows from Theorem (c). O

2.7. The Specht module connection

The following proposition discusses the representation-theoretical significance of
the ideals Z; and J;. We use some basic representation theory, including the con-
cept of a Specht module (see, e.g., [EGHLSVY11, §5.12]).

Proposition 2.7.1. Assume that k is a field of characteristic 0. For each partition
A of n, let S* denote the corresponding Specht module (a left A-module). For
each a € A and each partition A of 1, we let 2, € End (S") denote the action of
a on the Specht module S*.

Consider the map

AW : A — HEnd (S)‘> ,
AFn
ar— (aft)/\Fn .

Darij Grinberg



Rook sums in the symmetric group algebra page 29

This map AW is known to be a k-algebra isomorphism. (This follows from
the Artin-Wedderburn decomposition of .4, since the S are the absolutely irre-
ducible .A-modules; alternatively, this can be derived from [Ruther48, §17, Theo-
rem 12].)
For each subset U of {A | A+ n}, we consider the subproduct [] End (S%)
Ael

of T End (S"). The preimage of this subproduct under AW is thus an ideal of
Aln
A, and will be denoted by Ay;.

Now, let k € IN. Then,

Tk = Arn | oay<k) and Tk = Afen | o) >k}

The proof of this proposition will rely on the following general fact:

Lemma 2.7.2. Let M be a k-module. Let Z and J be two k-submodules of M
such that M = 7 & J (internal direct sum). Let ¢/ and )V be two k-submodules
of Msuchthat ZC U and JF CVand U NY =0. Then,Z =U and J = V.

Proof. Let u € U. We shall show that u € 7.
Wehaveu e Y C M =7Z®J. Thus,u =i+ jforsomei € Zandj € J.
Consider these i and j. From u =i+ j, weobtainj= _u — i CU-UCU.
—~— O~
cu eIcU
Combining this with j € J C V, we obtain j € &/ NV = 0. In other words, j = 0.
Hence,u =i+ j =icl.
=0
Forget that we fixed 1. We thus have shown that u € 7 for each u € Y. In other
words, U C Z. Combined with 7 C U, this yields 7 = U. Similarly, we can show
J = V. This proves Lemma O

Proof of Proposition For each U C {A | AF n}, we have

Ay ={ae A | the A-th entry of AW (a) is O for all A ¢ U}
={ac A | ay=0forall A ¢ U}

~{acA|ast =0forallAgu}.

Hence, in order to prove that 7y C A, | ¢(1)<k}, it suffices to show that aS* =0
for all a € 7y and all partitions A - n that don’t satisfy ¢ (1) < k. Let us prove this.

Let A F n be a partition that doesn’t satisfy £ (A) < k. Thus, £ (A) > k. We must
prove that aS* = 0 for each a € Z;.

Since Z; = span{Vpa | A,B € SC(n) with £(A) = ¢(B) <k}, it suffices to
prove that Vg AS* = 0 for any two compositions A,B € SC (n) with ¢ (A) =
¢ (B) < k. So let us consider two compositions A, B € SC (n) with £ (A) = ¢ (B) <
k. We must prove that Vg AS* = 0.
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Recall that S* = Aa,b,, where a, is the Young symmetrizer of A, and where b,
is the Young antisymmetrizer of A. Hence, S* = Aay by C Ab,. It thus suffices

CcA

to show that Vg oAby = 0 (since VB,AS)‘ = 0 will then follow). In other words, it
suffices to show that Vp owb, = 0 for any w € S,. But this is not hard: We have
wb) = brw, where T is a certain Young tableau of shape A (filled with the entries
1,2,...,n in some order, not necessarily standard). The first column of this tableau
T contains ¢ (A) entries, and thus contains more than k entries (since ¢ (A) > k).
Hence, at least two entries of this column belong to the same block of A (by the
pigeonhole principle, since A has only ¢ (A) < k blocks). Pick two such entries. Let
T € Sy, be the transposition that swaps these two entries. This transposition T thus
preserves the blocks of A, and therefore preserves Vg s from the right (i.e., satisfies
VB,AT = Vg,a). On the other hand, this transposition T swaps two entries in the
first column of T, and thus belongs to the column group of T. Hence, br = (1 — 1) 7
for some 7 € A. Thus,

Vpawby =Vga br w= Vpa(t—-1) nw=0.
- — —
=brw :(T—l)ﬂ :VB,AT—VB,A

(since VB AT=V3g,a)

This completes our proof of Vg AS* = 0.
Thus, as explained above, we have shown that

Tk © Afarn | e(n)<k)- (26)

A similar argument shows that
Tk © Apabn | 1) >k)- (27)

(Here, however, we need to argue that V;.Aa) = 0 whenever U is a subset of []
having size k + 1 and whenever A i 1 is a partition satisfying ¢ (A) < k. This again
relies on the pigeonhole principle, now to argue that two elements of U belong to
the same row of our tableau T.)
However, if X and Y are two disjoint subsets of {A | A Fn}, then AxN Ay =0
(since the subproducts [] End (S*) and [] End (S*) of [] End (S") have inter-
reX AEY Abn

section 0). Thus,
Apaen | ey<iy VAR | ek =0
However, Theorem (g) yields A = 7y & Ji (internal direct sum). Thus,
Lemma (applied to M = Aand Z =Ty and J = Jy and U = Ay | 1)<k}
and V = A | ¢(1)>k)) yields

T = Aparn | 1)<k} and Tk = Apabn | 0(1)>k}-
This proves Proposition 2.7.1] O
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